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MHO fodvvlfdwlrq= J45/ H76
Nh|zrugv= Ulvn0qhxwudo ghqvlwlhv/ hvvhqwldoo| d!qh whup vwuxfwxuh prghov/ ulvn suhpld
Wklv sdshu h{dplqhv glhuhqfhv ehwzhhq ulvn0qhxwudo dqg remhfwlyh sured0
elolw| ghqvlwlhv ri ixwxuh lqwhuhvw udwhv1 Wkh lghqwlfdwlrq dqg txdqwlfdwlrq
ri wkhvh glhuhqfhv duh lpsruwdqw zkhq ulvn0qhxwudo ghqvlwlhv +UQGv,/ vxfk dv
rswlrq0lpsolhg UQGv/ duh xvhg dv lqglfdwruv ri dfwxdo eholhiv ri lqyhvwruv1 Zh
hpsor| d pxowl0idfwru hvvhqwldoo| d!qh prgholqj iudphzrun dssolhg wr Jhupdq
wlph0vhulhv dqg furvv0vhfwlrq whup vwuxfwxuh gdwd lq rughu wr lghqwli| erwk wkh
ulvn0qhxwudo dqg wkh remhfwlyh whup vwuxfwxuh g|qdplfv1 Zh qg lpsruwdqw gli0
ihuhqfhv ehwzhhq ulvn0qhxwudo dqg remhfwlyh glvwulexwlrqv gxh wr ulvn suhpld lq
erqg sulfhv1 Pruhryhu/ wkh hvwlpdwhg suhpld ydu| ryhu wlph lq d txdqwlwdwlyho|
vljqlfdqw zd|/ zklfk lpsolhv wkdw wkh glhuhqfhv ehwzhhq wkh remhfwlyh dqg wkh
ulvn0qhxwudo glvwulexwlrqv dovr ydu| ryhu wlph1 Zh frqfoxgh wkdw rqh vkrxog eh
fdxwlrxv lq lqwhusuhwlqj UQGv dv uhsuhvhqwlqj wkh wuxh h{shfwdwlrqv ri pdunhw
sduwlflsdqwv1 Wkh phwkrg xvhg lq wklv sdshu surylghv dq dowhuqdwlyh dssurdfk
wr lghqwli|lqj remhfwlyh suredelolwlhv ri ixwxuh lqwhuhvw udwhv1Qrq0whfkqlfdo vxppdu|
Sulfhv ri qdqfldo frqwudfwv/ vxfk dv erqgv dqg ixwxuhv/ duh frpprqo| xvhg wr h{wudfw lq0
irupdwlrq derxw pdunhw h{shfwdwlrqv ri ixwxuh dvvhw sulfhv1 Wklv lqirupdwlrq/ lq wxuq/ lv riwhq
lqwhusuhwhg lq whupv ri pdunhw sduwlflsdqwv* h{shfwdwlrqv ri prqhwdu| srolf| dqg ixwxuh xqghuo|lqj
ixqgdphqwdov/ vxfk dv jurzwk survshfwv dqg lq dwlrq1 Fhqwudo edqnv/ iru h{dpsoh/ iuhtxhqwo| xvh
phdvxuhv lpsolflw lq qdqfldo dvvhw sulfhv wr rewdlq hvwlpdwhv ri pdunhw h{shfwdwlrqv1 D odujh
qxpehu ri whfkqltxhv kdyh ehhq ghyhorshg wrzdugv h{wudfwlqj lqirupdwlrq ri wklv w|sh/ vxfk dv wkh
prghoolqj ri lpsolhg iruzdug udwhv1 Dqrwkhu dssurdfk wkdw kdv ehhq lqfuhdvlqjo| xvhg wr h{dplqh
phdvxuhv ri xqfhuwdlqw|/ lv wr prgho wkh hqwluh lpsolhg suredelolw| ghqvlw| ri wkh sulfh ri d qdqfldo
frqwudfw iru d ixwxuh gdwh ri lqwhuhvw1 Sulfhv ri rswlrqv dqg rwkhu ghulydwlyhv duh iuhtxhqwo| xvhg
wr ghulyh vxfk lpsolhg ghqvlwlhv1 Wklv dssurdfk kdv wkh dgydqwdjh ri surylglqj lqirupdwlrq qrw
rqo| derxw h{shfwdwlrqv ri wkh ohyho ri ixwxuh yduldeohv/ exw dovr derxw wkh ghjuhh ri xqfhuwdlqw|
dvvrfldwhg zlwk wkhvh h{shfwdwlrqv/ dv zhoo dv dq| srvvleoh dv|pphwulhv lq whupv ri wkh udqjh ri
h{shfwhg ixwxuh rxwfrphv1
D zhoo0nqrzq sureohp zlwk wkh h{wudfwlrq ri lqirupdwlrq derxw h{shfwdwlrqv ri ixwxuh dvvhw
sulfh pryhphqwv iurp pdunhw sulfhv lv wkdw wkh h{lvwhqfh ri ulvn suhpld gulyhv d zhgjh ehwzhhq
glvfrxqwhg h{shfwhg ixwxuh dvvhw sulfhv dqg fxuuhqwo| revhuydeoh dvvhw sulfhv1 Iru h{dpsoh/ wkh
fxuuhqw ixwxuhv sulfh ri/ vd|/ dq htxlw| lqgh{ lq wkuhh prqwkv wlph lv lq jhqhudo qrw htxdo wr wkh
pdunhw*v h{shfwdwlrq ri wkdw lqgh{ wkuhh prqwkv dkhdg/ ehfdxvh ri wkh lpsdfw ri ulvn suhpld1
Ghvslwh wkh idfw wkdw lw lv zhoo0nqrzq wkdw ulvn suhpld kdyh wklv %glvwruwlqj% lpsdfw/ wkh vshflf
uroh ri suhpld lv riwhq h{solflwo| ru lpsolflwo| glvuhjdughg zkhq h{shfwdwlrqv derxw ixwxuh dvvhw
sulfhv duh h{wudfwhg iurp revhuyhg sulfhv1 Rqh h{dpsoh lv wkh uhodwlyho| frpprq sudfwlfh wr
lqwhusuhw lpsolhg iruzdug udwhv dv gluhfw phdvxuhv ri h{shfwhg ixwxuh lqwhuhvw udwhv1 Wklv sdshu
h{dplqhv wkh uroh ri ulvn suhpld zkhq h{dplqlqj dqg lqwhusuhwlqj wkh lqirupdwlrq iurp qdqfldo
lqglfdwruv lq wkh frqwh{w ri lqwhuhvw udwh0uhodwhg pdunhwv1 Lq sduwlfxodu/ wkh sdshu irfxvhv rq wkh
lpsdfw ri ulvn suhpld rq lpsolhg suredelolw| ghqvlwlhv ri ixwxuh lqwhuhvw udwhv1
Doprvw doo dydlodeoh phwkrgv xvhg wr hvwlpdwh lpsolhg ghqvlwlhv gholyhu wkh vr0fdoohg %ulvn0
qhxwudo ghqvlw|% ri wkh xqghuo|lqj sulfh ru lqwhuhvw udwh dw wkh wlph ri h{sludwlrq/ udwkhu wkdq wkh
wuxh %uhdo0zruog% suredelolw| ghqvlw|1 Wkh uhdvrq zk| lw lv fdoohg wkh %ulvn0qhxwudo ghqvlw|% lv wkdw
lw zrxog fruuhvsrqg wr wkh uhdo0zruog ghqvlw| rqo| li lqyhvwruv zhuh lq idfw ulvn qhxwudo1 Djdlq/ wkh
glhuhqfh dulvhv ehfdxvh ri wkh h{lvwhqfh ri ulvn suhpld1
ECB • Working Paper No 274 • September 2003 5dyrlgv pdnlqj h{solflw dvvxpswlrqv uhjduglqj wkh g|qdplf hyroxwlrq ri lqwhuhvw udwhv1 Krzhyhu/
wkh zhdnqhvv lv wkdw wkhuh lv olwwoh vfrsh wr dvvhvv wkh ulvn suhpld lvvxh zlwklq wkdw iudphzrun1
Wr dgguhvv wklv lvvxh/ zh prgho wkh vwrfkdvwlf ehkdylru ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv e|
olqnlqj lw wr d qxpehu ri xqghuo|lqj idfwruv zlwk fhuwdlq surshuwlhv1 Rqfh wkh g|qdplfv ri wkh
xqghuo|lqj idfwruv duh vshflhg/ wkhq zh fdq ghulyh wkh g|qdplfv ri lqwhuhvw udwhv iru dq| pdwxulw|
xvlqj qr0duelwudjh sulqflsohv/ dqg wkh glvwulexwlrqdo surshuwlhv fdq wkhq eh xqltxho| slqqhg grzq1
Pruhryhu/ jlyhq dq dvvxpswlrq derxw wkh ixqfwlrqdo irup ri wkh ulvn suhplxp lq whupv ri wkh
idfwruv/ lw lv srvvleoh wr wudqvirup ulvn0qhxwudo ghqvlwlhv lqwr uhdo0zruog ghqvlwlhv/ dqg ylfh yhuvd/
rqfh wkh sdudphwhuv ri wkh prgho kdyh ehhq hvwlpdwhg xvlqj whup vwuxfwxuh gdwd1 Wklv doorzv xv
wr txdqwli| wkh glhuhqfhv ehwzhhq wkhvh wzr w|shv ri suredelolw| ghqvlwlhv1 Iru h{dpsoh/ zh fdq
h{soruh wkh glhuhqfhv lq wkh phdqv dqg wkh yduldqfhv ri wkh wzr ghqvlwlhv iru dq| frpelqdwlrq ri
pdwxulw| dqg krul}rq/ dqg h{dplqh li dqg krz wkhvh glhuhqfhv ydu| ryhu wlph1
Wkh hpslulfdo dqdo|vlv lv fduulhg rxw rq Jhupdq whup vwuxfwxuh gdwd/ dqg wkh lqwhusuhwdwlrq
ri wkh uhvxowv lv irfxvhg rq ghqvlwlhv iru 60prqwk lqwhuhvw udwhv dqg 430|hdu |lhogv iru krul}rqv ri
xs wr rqh |hdu1 Wkh uhvxowv zh rewdlq lqglfdwh wkdw ulvn suhpld frqvlghudwlrqv duh lpsruwdqw/ lq
wkh vhqvh wkdw wkhuh jhqhudoo| duh qrq0qhjoljleoh glhuhqfhv ehwzhhq ulvn0qhxwudo dqg uhdo0zruog
ghqvlwlhv1 Pruh lpsruwdqwo|/ zh qg wkdw wkh glhuhqfhv ehwzhhq wkhvh ghqvlwlhv fkdqjh ryhu
wlph dv d uhvxow ri wlph0yduldwlrq lq ulvn suhpld1 Zh wkhuhiruh frqfoxgh wkdw fdxwlrq vkrxog eh
h{huflvhg zkhq lqwhusuhwlqj ulvn qhxwudo ghqvlwlhv/ vxfk dv rswlrq0lpsolhg ghqvlwlhv/ dv uhsuhvhqwlqj
wkh wuxh h{shfwdwlrqv ri pdunhw sduwlflsdqwv1 Lq dgglwlrq/ lq dq hydoxdwlrq ri wkh hvwlpdwhg uhdo0
zruog ghqvlwlhv zlwk uhvshfw wr dfwxdo ixwxuh rxwfrphv/ zh qg wkdw zh gr d jrrg mre lq whupv
ri fdswxulqj wkh wuxh ghqvlwlhv ri ixwxuh lqwhuhvw udwhv1 Wklv lqglfdwhv wkdw wkh g|qdplfv ri ulvn
suhpld duh prghoohg vdwlvidfwrulo| lq wkh iudphzrun zh xvh1 Wkh phwkrg xvhg lq wklv sdshu
wkhuhiruh surylghv rqh dowhuqdwlyh dssurdfk zklfk fdq eh xvhg wr lghqwli| ulvn suhpld dqg wkhuhe|
wkh uhdo0zruog suredelolwlhv ri ixwxuh rxwfrphv1
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W k hv w u h q j w kr iw k l vd s s u r d f k /z k h u hu l v n 0 q h x w u d og h q v l w l h vd u hp r g h o o h gg l u h f w o | /l vw k d wl wrughu wr sulfh lqwhuhvw0udwh uhodwhg frqwudfwv dqg rwkhu qdqfldo dvvhwv1 Frqyhuvho|/ fhqwudo edqnv
duh lqwhuhvwhg lq hydoxdwlqj wkh pdunhwv h{shfwdwlrqv derxw lwv ixwxuh lqwhuhvw0udwh srolf| dqg
derxw ixwxuh xqghuo|lqj ixqgdphqwdov/ vxfk dv jurzwk survshfwv dqg lq dwlrq1 Sulfhv ri qdqfldo
frqwudfwv +h1j1 erqgv/ ixwxuhv dqg rswlrqv, duh dq reylrxv vrxufh iru h{wudfwlqj wklv nlqg ri
lqirupdwlrq dqg d odujh qxpehu ri whfkqltxhv kdyh ehhq ghyhorshg wrzdugv dfklhylqj wklv hqg/
lqfoxglqj wkh prghoolqj ri lpsolhg iruzdug udwhv dqg lpsolhg yrodwlolwlhv1 Dqrwkhu dssurdfk zklfk
kdv ehhq lqfuhdvlqjo| xvhg wr h{dplqh phdvxuhv ri xqfhuwdlqw|/ lv wr prgho wkh hqwluh lpsolhg
ghqvlw| ri wkh sulfh ri d qdqfldo frqwudfw iru d ixwxuh gdwh ri lqwhuhvw1
Wklv sdshu irfxvhv rq wkh uroh ri ulvn suhpld zkhq h{dplqlqj dqg lqwhusuhwlqj wkh lqirupdwlrq
iurp vxfk qdqfldo lqglfdwruv lq wkh frqwh{w ri lqwhuhvw udwh0uhodwhg pdunhwv1 Wklv lvvxh kdv/ lq
sudfwlfh/ riwhq ehhq glvuhjdughg ru/ dowhuqdwlyho|/ dq lpsolflw dvvxpswlrq kdv riwhq ehhq pdgh
wkdw wkh lpsdfw ri suhpld lv qhjoljleoh1 Rqh h{dpsoh lv wkh uhodwlyho| frpprq sudfwlfh wr lqwhu0
suhw lpsolhg iruzdug udwhv dv gluhfw phdvxuhv ri h{shfwhg ixwxuh lqwhuhvw udwhv/ zlwkrxw h{solflwo|
dffrxqwlqj iru ulvn suhpld frqvlghudwlrqv1
Lq wkh frqwh{w ri lpsolhg ghqvlwlhv/ wkh h{lvwhqfh ri srvvleoh suhpld pd| lq sulqflsoh dovr kdyh
lpsruwdqw lpsolfdwlrqv iru wkh lqwhusuhwdwlrq ri wkh lqirupdwlrq iurp vxfk ghqvlwlhv1 D frpprq
dssurdfk zkhq hvwlpdwlqj lpsolhg ghqvlwlhv lv wr dvvxph vrph vshflf sdudphwulf vshflfdwlrq iru
wkh ghqvlw|/ dqg wkhq fdoleudwh wkh sdudphwhuv wr plqlpl}h sulflqj huuruv zlwk uhvshfw wr d jlyhq
furvv0vhfwlrq ri revhuyhg ghulydwlyhv sulfhv zlwk lghqwlfdo h{sludwlrq1 Krzhyhu/ lw lv zhoo0nqrzq
wkdw wklv dssurdfk zloo gholyhu wkh vr0fdoohg ulvn0qhxwudo ghqvlw| ri wkh xqghuo|lqj sulfh ru |lhog dw
wkh wlph ri h{sludwlrq/ dqg qrw wkh dfwxdo remhfwlyh ghqvlw|1 Pruh suhflvho|/ wkh ghulydwlyh sulflqj
iudphzrun odujho| uholhv rq wkh devhqfh ri duelwudjh/ udwkhu wkdq rq vrph remhfwlyh ydoxdwlrq
wkhru|1 Wkh devhqfh ri duelwudjh/ lq wxuq/ +hvvhqwldoo|, lpsolhv wkh h{lvwhqfh ri dq htxlydohqw pdu0
wlqjdoh phdvxuh/ riwhq uhihuuhg wr dv wkh ulvn qhxwudo phdvxuh/ zklfk lv wkh uhohydqw suredelolw|
phdvxuh wr xvh zkhq sulflqj ghulydwlyhv dv wkh glvfrxqwhg h{shfwhg sd|r1 Khxulvwlfdoo|/ wklv ulvn0
qhxwudo sulflqj iudphzrun lpsolhv wkdw wkh suredelolw| phdvxuh xvhg wr sulfh dvvhwv lv dgmxvwhg vr
dv wr pdnh wkh h{shfwhg uhwxuq rq d ulvn| dvvhw htxdo wr wkh ulvn iuhh udwh1 Lw grhv qrw/ krzhyhu/
phdq wkdw djhqwv duh dvvxphg wr eh ulvn qhxwudo1
Wkh idfw wkdw rswlrq0lpsolhg ghqvlwlhv gholyhu wkh ulvn0qhxwudo suredelolwlhv lv qrw d sureohp li
wkh dlp lv wr sulfh rwkhu vhfxulwlhv/ ehfdxvh wklv lv wkh uhohydqw ghqvlw| iru vxfk sxusrvhv1 Lw pd|/
krzhyhu/ eh d sureohp li wkh dlp lv wr lqwhusuhw pdunhw h{shfwdwlrqv ri xqfhuwdlqw| vxuurxqglqj
ixwxuh lqwhuhvw udwhv ru dvvhw sulfhv/ vlqfh wkh uhohydqw glvwulexwlrq lq wklv fdvh ri frxuvh lv wkh
wuxh/ remhfwlyh ghqvlw|1 Wklv sdshu dlpv dw h{sorulqj wkh glhuhqfhv ehwzhhq wkhvh phdvxuhv/ lq
rughu wr qg rxw zkhwkhu rqh fdq vdiho| ljqruh ulvn suhpld frqvlghudwlrqv zkhq lqwhusuhwlqj UQGv/
zklfk odujho| vhhpv wr eh fxuuhqw sudfwlfh1 Xqiruwxqdwho|/ lw wxuqv rxw wr eh gl!fxow wr dqdo|}h
4L q w u r g x f w l r q
Wkh lqwhusod| ehwzhhq qdqfldo pdunhwv dqg fhqwudo edqnv surylghv ulfk rssruwxqlwlhv iru erwk
pdunhw sduwlflsdqwv dqg prqhwdu| srolf| pdnhuv wr h{wudfw ydoxdeoh lqirupdwlrq iurp qdqfldo
dvvhw sulfhv1 Pdunhw sduwlflsdqwv prqlwru dqg iruhfdvw wkh srolf| ghflvlrqv ri fhqwudo edqnv lq
ECB • Working Paper No 274 • September 2003 7wkh lpsdfw ri ulvn suhpld zkhq wkh UQG lv prghoohg gluhfwo|1 Rqh srvvlelolw| lv wr dvvxph vrph
vshflf ixqfwlrqdo irup iru wkh xwlolw| ixqfwlrq dqg wkhq hvwlpdwh wkh ghjuhh ri ulvn dyhuvlrq lq
rughu wr edfn rxw wkh wuxh SGI iurp wkh UQG/ dv lq Eolvv dqg Sdqljluw}rjorx +5334,1 Krzhyhu/
dq dowhuqdwlyh dssurdfk lv dydlodeoh/ lq wkdw zh fdq iroorz wkh sulflqj olwhudwxuh wkdw prghov wkh
g|qdplf surshuwlhv ri wkh xqghuo|lqj dvvhw1 D ihz vwxglhv kdyh wdnhq d vlplodu urxwh lq h{dplqlqj
ulvn0qhxwudo yv1 remhfwlyh SGIv iru htxlw| lqglfhv/ exw wkhvh kdyh irfxvhg rq txlwh uhvwulfwlyh vlqjoh0
idfwru vshflfdwlrqv/ dv h1j1 lq wkh vwxg| e| Dòw0Vdkdold/ Zdqj dqg \duhg +5334,1 Lq frqwudvw/ zh
duh pdlqo| lqwhuhvwhg lq h{dplqlqj wkhvh lvvxhv lq frqqhfwlrq zlwk lqwhuhvw0ehdulqj lqvwuxphqwv/
iru zklfk d vlqjoh0idfwru vhwxs lv olnho| wr eh hyhq ohvv uhdolvwlf wkdq lq wkh fdvh ri htxlwlhv1 Zh
wkhuhiruh wxuq wr uhfhqwo| sursrvhg g|qdplf pxowl0idfwru whup vwuxfwxuh prghov1 Vshflfdoo|/ zh
irfxv rq wkh fodvv ri d!qh whup vwuxfwxuh prghov +DWVPv, ri Gx!h dqg Ndq +4<<9, dqg Gdl dqg
Vlqjohwrq +5333,/ zklfk kdyh uhfhlyhg lqfuhdvlqj dwwhqwlrq lq wkh whup vwuxfwxuh olwhudwxuh gxh wr
wkhlu  h{lelolw| dqg dqdo|wlfdo wudfwdelolw|1
Reylrxvo|/ rqfh wkh g|qdplfv duh vshflhg/ wkh glvwulexwlrqdo surshuwlhv fdq eh xqltxho| slqqhg
grzq1 Pruhryhu/ jlyhq wkdw zh vshfli| wkh ixqfwlrqdo irup ri wkh ulvn suhplxp/ Jluvdqry*v wkhr0
uhp doorzv xv wr txdqwli| wkh glhuhqfhv ehwzhhq wkh ulvn0qhxwudo dqg wkh uhdo0zruog suredelolw|
phdvxuhv1 Lq sduwlfxodu/ zh fdq h{soruh wkh glhuhqfhv lq wkh phdqv ri wkh wzr glvwulexwlrqv iru
duelwudu| frpelqdwlrqv ri pdwxulwlhv dqg krul}rqv/ dqg h{dplqh li dqg krz wkhvh glhuhqfhv ydu|
ryhu wlph1 Wklv lv/ iru h{dpsoh/ ri lqwhuhvw iurp d fodvvlfdo h{shfwdwlrqv k|srwkhvlv srlqw ri ylhz
zkhq rqh lv lqwhuhvwhg lq h{shfwhg ixwxuh lqwhuhvw udwhv1 Lq dgglwlrq/ rxu iudphzrun doorzv xv wr
lqyhvwljdwh krz ydulrxv phdvxuhv ri glvshuvlrq glhu ehwzhhq wkh ulvn0qhxwudo dqg wkh remhfwlyh
suredelolw| phdvxuhv1 Wklv uhodwhv wr wkh lvvxh ri lqwhusuhwlqj wkh glvshuvlrq ri lpsolhg ghqvlwlhv
dv d phdvxuh ri wkh pdunhw*v shufhlyhg ghjuhh ri xqfhuwdlqw| zlwk uhvshfw wr wkh ixwxuh hyroxwlrq
ri wkh xqghuo|lqj1 Dsduw iurp wkh lpsdfw rq vlpsoh yduldqfh phdvxuhv/ zh fdq dovr txdqwli| wkh
glhuhqfhv ehwzhhq wkh phdvxuhv lq whupv ri wkh suredelolwlhv iru ydulrxv vfhqdulrv/ vxfk dv wkh
suredelolw| wkdw wkh 430|hdu |lhog zloo eh orzhu wkdq x( lq 9 prqwkv1 Wklv lv ri lqwhuhvw ehfdxvh
lpsolhg glvwulexwlrqv duh riwhq lpsolflwo| ru h{solflwo| xvhg wr jhw dq lghd ri vxfk suredelolwlhv1
Zh irfxv rxu dqdo|vlv pdlqo| rq wkh uhvxowv iru glvwulexwlrqv rq 60prqwk lqwhuhvw udwhv dqg
430|hdu |lhogv iru krul}rqv ri xs wr rqh |hdu/ ehfdxvh wkhvh zloo eh wkh prvw uhohydqw fdvhv lq
sudfwlfh1 Vshflfdoo|/ wkh prvw oltxlg vwdqgdugl}hg lqwhuhvw udwh rswlrqv pdunhwv lq wkh hxur duhd
duh wkh pdunhwv iru rswlrqv rq wkuhh0prqwk HXULERU ixwxuhv dqg iru rswlrqv rq 430|hdu Jhupdq
jryhuqphqw erqg ixwxuhv +Exqgv,1 Wkh uhvxowv iurp wklv h{huflvh lqglfdwh wkdw ulvn suhpld frq0
vlghudwlrqv duh lpsruwdqw/ lq wkh vhqvh wkdw wkhuh jhqhudoo| duh qrq0qhjoljleoh glhuhqfhv ehwzhhq
ulvn0qhxwudo dqg remhfwlyh ghqvlwlhv1 Pruh lpsruwdqwo|/ zh qg wkdw wkh glhuhqfhv ehwzhhq wkhvh
ghqvlwlhv fkdqjh ryhu wlph dv d uhvxow ri wlph0yduldwlrq lq ulvn suhpld1
ECB • Working Paper No 274 • September 2003 8Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 uhylhzv wkh wkhruhwlfdo irxqgdwlrq
iru wkh wzr dowhuqdwlyh prghoolqj vwudwhjlhv= wkh gluhfw ghqvlw| prghoolqj dssurdfk dqg wkh g|qdplf
surfhvv prghoolqj dssurdfk1 Vhfwlrq 6 looxvwudwhv wkh odwwhu dssurdfk xvlqj wkh zhoo0nqrzq dqg
vlpsoh Fr{/ Lqjhuvroo dqg Urvv +4<;8, prgho +FLU,/ zkloh Vhfwlrq 7 frqvlghuv pruh jhqhudo d!qh
pxowl0idfwru prghov1 Vhfwlrq 8 surylghv vrph ghqvlw| iruhfdvw hydoxdwlrqv/ dqg vhfwlrq 9 frqfoxghv1
5W k h r u |
Lq wkh devhqfh ri duelwudjh rssruwxqlwlhv lw lv srvvleoh wr vkrz/ jlyhq whfkqlfdo frqglwlrqv/ wkdw








t r + s , ds¦+YT,
l
; +4,
zkhuh ¦+YT, lv wkh sd|r ri wkh fodlp dqg r+s, lv wkh vwrfkdvwlf lqwhuhvw udwh1 Wklv lv wkh ixq0
gdphqwdo uhvxow rq zklfk erwk wkh rswlrq0lpsolhg dssurdfk dqg wkh g|qdplf surfhvv dssurdfk
uholhv1 Htxdwlrq +4, vwdwhv wkdw wkh sulfh ri wkh fodlp/ vd| d Hxurshdq fdoo rswlrq/ zloo eh jlyhq
e| wkh glvfrxqwhg ydoxh ri wkh sd|r ri wkh fodlp1 Wkh fuxfldo wklqj wr qrwh lv wkdw wkh h{shfwhg
ydoxh vkrxog eh hydoxdwhg xqghu dq htxlydohqw pduwlqjdoh phdvxuh/ riwhq ghqrwhg wkh ulvn0qhxwudo
phdvxuh +Q,1 Wklv lv wkh vrxufh ri wkh whup ulvn0qhxwudo ghqvlw| +UQG,1
Wklv vhfwlrq uhylhzv wzr zd|v ri prghoolqj wklv ulvn0qhxwudo ghqvlw|1 Iluvw/ zh h{dplqh wkh
fdvh zkhq wkh glvwulexwlrq lv prghoohg gluhfwo|1 Wklv olqh ri zrun lv uhsuhvhqwhg e| wkh Pholfn dqg
Wkrpdv +4<<:, dssurdfk/ zklfk lv zlgho| xvhg lq fhqwudo edqnv wr lqihu lqwhuhvw udwh glvwulexwlrqv
iurp pdunhw sulfhv1 Krzhyhu/ dv dujxhg deryh/ fhqwudo edqnhuv duh pdlqo| lqwhuhvwhg lq wkh remhf0
wlyh suredelolw| phdvxuh/ zklfk glhuv iurp wkh ulvn0qhxwudo phdvxuh gxh wr ulvn suhpld1 Wkhuhiruh/
lpsolflw lq wkh lqwhusuhwdwlrq ri rswlrq0lpsolhg ghqvlwlhv lv dq dvvxpswlrq wkdw ulvn suhpld gr qrw
pdwwhu wrr pxfk1 Dowhuqdwlyho|/ lw lv dvvxphg wkdw vxfk suhpld uhpdlq idluo| frqvwdqw ryhu wlph/
vr wkdw fkdqjhv lq wkh ulvn qhxwudo ghqvlw| fdq eh lqwhusuhwhg lq whupv ri fkdqjhv lq wkh dfwxdo/
remhfwlyh ghqvlw|1 Ri frxuvh/ wkh pdlq dsshdo ri wkh gluhfw dssurdfk lv wkdw lw riwhq lv uhodwlyho|
hdv| wr lpsohphqw lq rughu wr rewdlq vrph lqglfdwlrq ri wkh glvwulexwlrq ri wkh xqghuo|lqj1 Rq
wkh rwkhu kdqg/ d zhdnqhvv zlwk wkh gluhfw dssurdfk wr prghoolqj wkh glvwulexwlrq lv wkdw lw lv
lpsrvvleoh wr dvvhvv wkh lpsruwdqfh ri ulvn suhpld/ vlqfh wkh zkroh dqdo|vlv lv frqgxfwhg xqghu wkh
ulvn0qhxwudo phdvxuh1
Wr hydoxdwh wkh txdqwlwdwlyh glhuhqfhv/ zh wkhuhiruh lqwurgxfh d vhfrqg dssurdfk/ l1h1 wkh
prghoolqj ri wkh hyroxwlrq ri xqghuo|lqj vwdwh yduldeohv zklfk gulyh wkh g|qdplfv ri wkh |lhog
fxuyh1 Vshflfdoo|/ zh uho| rq wkh d!qh prghoolqj dssurdfk ri Gx!h dqg Ndq +4<<9, dqg Gdl
dqg Vlqjohwrq +5333,/ zkhuhe| wkh xqghuo|lqj vwdwh yduldeohv dqg wkh lqvwdqwdqhrxv vkruw0whup
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xvlrq surfhvvhv1 Dq hduo| dqg fodvvlfdo h{dpsoh ri d prgho zlwklq wklv
iudphzrun lv Fr{/ Lqjhuvroo dqg Urvv +4<;8,1 Lq wkh d!qh iudphzrun/ lw lv srvvleoh wr uhodwlyho|
hdvlo| vshfli| wkh uhodwlrq ehwzhhq wkh ulvn0qhxwudo dqg wkh remhfwlyh suredelolw| phdvxuhv/ dqg wr
xvh pdunhw gdwd wr hvwlpdwh doo sdudphwhuv jryhuqlqj wkh g|qdplfv xqghu wkh glhuhqw phdvxuhv1
Wkxv/ li erwk dssurdfkhv surshuo| fdswxuh wkh ulvn0qhxwudo ghqvlw|/ dqg wkh dvvxpswlrqv derxw
wkh ixqfwlrqdo irup ri wkh ulvn suhplxp duh fruuhfw/ wkhq zh fdq h{dplqh wkh txdqwlwdwlyh huuruv
dvvrfldwhg zlwk dssur{lpdwlqj wkh remhfwlyh ghqvlw| zlwk wkh ulvn0qhxwudo rqh1 Zh hoderudwh vrph
pruh rq wkh wzr dssurdfkhv phqwlrqhg deryh/ lq wkh iroorzlqj wzr vxe0vhfwlrqv1
Zh vwduw e| lqwurgxflqj vrph ghqlwlrqv1 Ohw P +t;T, ghqrwh wkh sulfh/ dw t/ ri d }hur0frxsrq





514 Prghoolqj wkh glvwulexwlrq
D vshflf fdvh ri +4, zklfk zh zloo eh lqwhuhvwhg lq lv Hxurshdq rswlrqv1 Lq wklv fdvh/ wkh sulfh ri











zkhuh P +T, lv wkh ydoxh ri wkh xqghuo|lqj frqwudfw +h1j1 d erqg, dw wkh h{sludwlrq gdwh T ri wkh
rswlrq/ dqg K lv wkh vwulnh sulfh1 Lq wkh fdvh ri ixwxuhv rswlrqv zlwk ixoo pdujlqlqj/ wkh glvfrxqw
hhfw ydqlvkhv dqg wkh rswlrq sulfh irupxod froodsvhv wr
C +t;T>K;P,@E
Q
t ^ P+ T,K `
.:
Wklv lv uhohydqw/ ehfdxvh vwdqgdugl}hg lqwhuhvw udwh rswlrqv frqwudfwv duh w|slfdoo| rswlrqv rq
ixwxuhv/ dv lq wkh fdvh ri HXULERU dqg Exqg ixwxuhv rswlrqv1
Qrz/ li zh duh suhsduhg wr dvvxph wkdw wkh ulvn0qhxwudo glvwulexwlrq ri P +T, lv jlyhq e| fQ+x,/
wkhq zh fdq xvh pdunhw gdwd wr jhw krog ri wkh sdudphwhuv ri wkh glvwulexwlrq1 Iru h{dpsoh/ dvvxph
wkdw fQ +x, lv d pl{wxuh ri wzr orj0qrupdo glvwulexwlrqv/ dv vxjjhvwhg e| Pholfn dqg Wkrpdv +4<<:,1
Wkhq/ wkh ulvn0qhxwudo ghqvlw| lv jlyhq e|











Ohw  C +t;T>K;;£, ghqrwh wkh wkhruhwlfdo fdoo rswlrq sulfh rewdlqhg e| lqwhjudwlqj wkh deryh
glvwulexwlrq iru d jlyhq vhw ri sdudphwhuv/  @^  4 ; 5;£4;£ 4;`
31 Vshflfdoo|/ wkh fdoo sulfhv duh
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;i @4 ;5 :
Qh{w/ dvvxplqj wkdw zh/ iru d jlyhq h{sludwlrq gdwh T; kdyh pdunhw gdwd rq d vhw ri rswlrq sulfhv






C +t;T>Ki;P,  C+t;T>Ki;,
 5
: +8,
Ixuwkhu/ li rqh lv suhsduhg wr dvvxph wkdw wkh Q0phdvxuh frlqflghv +ru lv dssur{lpdwho| htxdo
wr, wkh remhfwlyh phdvxuh/ wkh judsk ri fQ +x, fdq eh lqwhusuhwhg lq whupv ri wkh xqfhuwdlqw|
shufhlyhg e| wkh pdunhw derxw wkh ixwxuh sulfh ri wkh xqghuo|lqj/ h1j1 d erqg1 Wdnlqj wkh h{dpsoh
ri d erqg sulfh ghqvlw|/ zlwk dq dssursuldwh ghqvlw| wudqvirupdwlrq/ wklv fdq eh frqyhuwhg lqwr d
vwdwhphqw derxw wkh glvwulexwlrq ri ixwxuh |lhogv15 Rxu lqwhuhvw lv wkhuhiruh wr hydoxdwh krz odujh
wkh glhuhqfhv ehwzhhq wkh ulvn0qhxwudo dqg wkh remhfwlyh ghqvlwlhv duh1 Lw lv frqfhswxdoo| kdug
wr gr wklv lq wkh dssurdfk rxwolqhg deryh1 Qhyhuwkhohvv/ dv wkh qh{w vhfwlrq zloo vkrz/ wkhuh lv d
qdwxudo uhodwlrqvkls ehwzhhq wkh wzr phdvxuhv zkhq xvlqj dq dowhuqdwlyh prghoolqj vwudwhj|1
515 Prghoolqj wkh whup vwuxfwxuh
Wkh ydvw pdmrulw| ri wkh sulflqj olwhudwxuh prghov wkh g|qdplf hyroxwlrq ri wkh vwdwh yduldeohv ru
idfwruv/ X/ wkdw gulyh wkh sulfhv ri lqwhuhvw0uhodwhg frqwudfwv1 Wklv lv w|slfdoo| grqh e| vshfli|lqj
wkh ixqfwlrqdo irup ri wkh ghwhuplqlvwlf dqg wkh glxvlrq sduwv/ wrjhwkhu zlwk lqlwldo frqglwlrqv iru
wkh vwdwh yduldeohv
dX +t,@ + t;X +t,,dt . £ +t;X +t,,dW +t,; +9,
X +t,@X t ;
zkhuh W +t, lv d yhfwru0ydoxhg Eurzqldq prwlrq/ vshflhg xqghu wkh remhfwlyh suredelolw|0phdvxuh
P1 Iru qrwdwlrqdo frqyhqlhqfh zh zloo iurp wklv srlqw rq xvh Xt;W twr ghqrwh X +t,;W+ t , /h w f 1L w
4Wkh sxulvw pd| qrwh wkdw li wkh dvvxphg ghqvlw| vkdsh lv fruuhfw/ wkh uhvxowlqj huuruv zloo eh }hur1 Li qrw/ zklfk
lq sudfwlfh lv wkh olnho| fdvh/ wkhuh zloo eh huuruv1 Fxuuhqw sudfwlfh vhhpv wr plqlpl}h wkhvh huuruv e| qrq0olqhdu
ohdvw vtxduhv/ dowkrxjk rwkhu fulwhuld pd| eh hpsor|hg1
5Pruh vshfl￿fdoo|/ wkh Mdfreldq ri wkh wudqvirupdwlrq lv jlyhq e| gl￿huhqwldwlqj +5,1
ECB • Working Paper No 274 • September 2003 11fdq eh vkrzq +h1j1 Fkdswhu : lq Gx!h +5334,, wkdw wkh iroorzlqj SGH pxvw eh vdwlvhg lq rughu
wr uxoh rxw duelwudjh rssruwxqlwlhv=




￿ Fxx,  rtF @3 ; +:,
zkhuh F+t;Xt, lv wkh sulfh ri dq duelwudu| fodlp/  +t;Xt, lv wkh guliw xqghu wkh ulvn0qhxwudo phdvxuh
Q; dqg vxevfulswv ghqrwh sduwldo ghulydwlyhv zlwk uhvshfw wr wkh dujxphqw1
Xvlqj wkh uhsuhvhqwdwlrq wkhruhp ri Ih|qpdq0Ndf/ lw lv srvvleoh wr ghulyh +4,1 Iru uhdvrqv ri
wudfwdelolw|/ d sduwlfxoduo| xvhixo zd| ri vshfli|lqj +9, lv wr dvvxph wkdw }hur0frxsrq erqg sulfhv
vkrxog eh h{srqhqwldo0d!qh ixqfwlrqv ri wkh vwdwh yduldeohv/ wkdw lv
P +t;T,@e A + t;T,.B+t;T,￿Xt: +;,
Lw wxuqv rxw wkdw wkh uhtxluhphqwv qhhghg iru wklv wr dsso| lv wkdw +t;Xt, dqg £ +t;Xt,£3 +t;Xt,
duh d!qh ixqfwlrqv ri wkh vwdwh yduldeohv xqghu wkh Q0phdvxuh1 Rqfh wkh remhfwlyh g|qdplfv duh
vshflhg/ Jluvdqry*v wkhruhp surylghv wkh olqn ehwzhhq wkh wzr phdvxuhv1 Vshflfdoo|/ li W lv
d +srwhqwldoo| yhfwru0ydoxhg, Zlhqhu surfhvv xqghu rqh phdvxuh/ wkhq lw iroorzv iurp Jluvdqry*v
wkhruhp wkdw WQ lv d Zlhqhu surfhvv xqghu d glhuhqw phdvxuh/ jlyhq wkh iroorzlqj wudqvirupdwlrq=
dW
Q
t @ dWt  gtdt; +<,
zkhuh gt lv wkh nhuqho lq wkh wudqvirupdwlrq1 E| vxevwlwxwlqj wklv lqwr +9,/ zh rewdlq wkh g|qdplfv
ri wkh vwdwh yduldeohv xqghu Q;
dXt @^ + t;Xt,.£+ t;Xt,gt`dt . £ +t;Xt,dW
Q
t :
E| ohwwlqj t @ gt ghqrwh wkh vr0fdoohg pdunhw sulfh ri ulvn/ wklv fdq eh vkrzq wr fruuhvsrqg
h{dfwo| wr wkh Jluvdqry wudqvirupdwlrq qhfhvvdu| wr dsso| wkh Ih|qpdq0Ndf uhsuhvhqwdwlrq wkh0
ruhp rq wkh sduwldo glhuhqwldo htxdwlrq wr rewdlq wkh vroxwlrq h{suhvvlqj wkh whup vwuxfwxuh ri
lqwhuhvw udwhv1 Wkhuh lv wkhuhiruh d rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh pdunhw sulfh ri ulvn dqg
wkh Jluvdqry nhuqho1
Uhvwulfwlqj rxu dwwhqwlrq wr wkh d!qh fodvv ri prghov/ e| dsso|lqj Lwr*v irupxod rq +;, dqg
xvlqj wkh whup vwuxfwxuh htxdwlrq +:,/ lw lv srvvleoh wr vkrz wkdw wkh Q0g|qdplfv iru wkh sulfh ri
d} h u r 0 f r x s r qT0erqg lv jlyhq e|
dPt +t;T,@r tP t+ t;T,dt . B +t;T,£+t;Xt,P +t;T,dW
Q
t : +43,
Wkh frpshqvdwlrq iru ulvn fdq eh lqihuuhg iurp wkh lqvwdqwdqhrxv h{shfwhg udwh ri uhwxuq rq d
}hur0frxsrq erqg xqghu P/ zklfk fdq eh rewdlqhg e| vxevwlwxwlqj +<, lqwr wkh deryh htxdwlrq dqg
xvlqj wkdw t @ gt/ uhvxowlqj lq
dPt +t;T,@+ r t. tB+ t;T,£ +t;Xt,,Pt +t;T,dt . B +t;T,£+t;Xt,P +t;T,dWt: +44,
ECB • Working Paper No 274 • September 2003 12Khqfh/ xqghu wkh dvvxpswlrq ri qr duelwudjh/ wkh uhtxluhg orfdo udwh ri uhwxuq lv htxdo wr wkh vkruw
udwh soxv d idfwru zklfk lv sursruwlrqdo wr wkh orfdo yrodwlolw| ri wkh erqg/
t +P,@r t. t£ t+ P,;
zkhuh £t +P,  B +t;T,£+t;Xt,P +t;T, ghqrwhv wkh yrodwlolw| ri wkh erqg: Iurp wklv uhodwlrq/ lw
lv hdv| wr vhh lqwxlwlyho| zk| t lv frpprqo| uhihuuhg wr dv wkh pdunhw sulfh ri ulvn1 Uhduudqjlqj/
zh vhh wkdw  lv wkh uhtxluhg udwh ri uhwxuq lq h{fhvv ri wkh ulvn0iuhh vkruw udwh/ glylghg e| wkh
yrodwlolw|/
t @
t +P,  rt
£t +P,
: +45,
Pruhryhu/ lw lv fohdu wkdw wkh pdunhw sulfh ri ulvn lv uhtxluhg wr eh lghqwlfdo luuhvshfwlyh ri wkh
pdwxulw| ri wkh erqg lq rughu wr suhfoxgh duelwudjh rssruwxqlwlhv1
Rqfh wkh ixqfwlrqdo irup ri ; £ dqg  kdyh ehhq vshflhg/ dqg wkh sdudphwhuv duh hvwlpdwhg
xvlqj pdunhw +sdqho, gdwd/ zh fdq lq sulqflsoh vroyh +9, dqg fdofxodwh wkh glvwulexwlrqv ri ixwxuh
lqwhuhvw udwhv1 Wzr wklqjv fdq eh qrwhg1 Iluvw/ li wkh prgho lv d!qh xqghu Q/ lw lv srvvleoh wr hdvlo|
fdofxodwh sulfhv ri erqgv dqg frqwlqjhqw fodlpv1 Vhfrqg/ li wkh prgho lv d!qh xqghu P/ hvwlpdwlrq
ri wkh prgho xvlqj wlph0vhulhv gdwd lv idflolwdwhg1 Fxuuhqw sudfwlfh lq wkh olwhudwxuh lv wr dvvxph
wkdw wkh ixqfwlrqdo irup ri wkh pdunhw sulfh ri ulvn lv vxfk wkdw erwk wkhvh surshuwlhv krog1 Gdl
dqg Vlqjohwrq +5333, surylgh dq ryhuylhz ri wklv d!qh iudphzrun/ zkhuhdv Gxhh +5335, vxjjhvwv
dq hvvhqwldoo| d!qh prgho/ phdqlqj wkdw zkloh wkh idfwru g|qdplfv duh d!qh xqghu erwk P dqg
Q/ wkh yduldqfh ri wkh vwdwh sulfh gh dwru lv qrw d!qh1 Wklv odwwhu dssurdfk kdv suryhq wr eh
lpsruwdqw zlwk uhvshfw wr wkh iruhfdvwlqj delolwlhv ri wkh prgho1 Zh zloo uhwxuq wr wklv lvvxh lq
vrph pruh ghwdlo lq Vhfwlrq 71
Lw lv lqwhuhvwlqj wr frpsduh wkh iudphzrun glvfxvvhg deryh wr wkh vlwxdwlrq lq wkh Eodfn dqg
Vfkrohv +4<:6, prgho iru htxlw| rswlrqv1 Lq wkdw prgho/ wkhuh lv d xqltxh wudqvirupdwlrq ehwzhhq
P dqg Q ehfdxvh pdunhwv duh frpsohwh1 Lq rxu fdvh/ wklv lv qr orqjhu wuxh1 Iurp d pdwkhpdwlfdo
shuvshfwlyh/ pdunhwv duh lqfrpsohwh lq wkh vhqvh wkdw wkh h{rjhqrxvo| vshflhg ulvn vrxufhv duh qrw
wudghg dvvhwv dqg erqgv fdq wkhuhiruh qrw eh uhsolfdwhg e| wdnlqj srvlwlrqv lq wkrvh dvvhwv +lq fohdu
frqwudvw wr wkh Eodfn dqg Vfkrohv prgho,1 Krzhyhu/ rqfh wkh ixqfwlrqdo irup ri wkh ulvn suhplxp
kdv ehhq fkrvhq/ wkh fruuhvsrqghqfh ehwzhhq wkh pduwlqjdoh phdvxuh dqg wkh remhfwlyh phdvxuh lv
xqltxho| slqqhg grzq1 Dw ohdvw lq sulqflsoh/ doo wkdw lv uhtxluhg wr frpsohwho| lghqwli| wkh phdvxuh
lv wlph vhulhv revhuydwlrqv rq wkh vdph qxpehu ri erqgv dv wkhuh duh ulvn vrxufhv lq wkh prgho1
Zlwk orqj hqrxjk wlph vhulhv/ lw vkrxog eh srvvleoh wr lghqwli| wkh fruuhfw ixqfwlrqdo irup ri wkh
ulvn suhplxp1 Wkxv/ lq d vhqvh/ pdunhwv duh +lqirupdwlrqdoo|, frpsohwh iurp wkh shuvshfwlyh ri
wkh hfrqrphwulfldq1
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frqvwuxfwlrq vxfk wkdw lw fuhdwhv lqghshqghqfh ehwzhhq wkh klvwru| ri yduldeohv xs wr wlph T dqg
wkh yduldeohv dw T1 Wklv lv yhu| xvhixo li zh duh lqwhuhvwhg lq sulflqj dvvhwv zkhuh wkh sd|r lv
srwhqwldoo| fruuhodwhg zlwk wkh glvfrxqw idfwru/ vlqfh wkh wzr fdq eh vhsdudwhg xqghu wklv phdvxuh1
Dqrwkhu lqwhuhvwlqj ihdwxuh lv wkdw wkh xqeldvhg h{shfwdwlrqv k|srwkhvhv dfwxdoo| krogv xqghu wkh
iruzdug0T phdvxuh1 Wkdw lv/ wkh h{shfwhg ixwxuh vkruw udwh xqghu wkh T0phdvxuh/ lv htxdo wr
wkh lqvwdqwdqhrxv iruzdug udwh iru wkh uhohydqw krul}rq +h1j1 Fkdswhu 4< lq Emùun +4<<;,,1 Wkxv/
wkh glhuhqfh ehwzhhq T dqg P fdswxuhv wkh huuru pdgh e| lqwhusuhwlqj iruzdug udwhv dv ixwxuh
vkruw udwhv1 Wkh uhodwlrqvkls ehwzhhq wkh Zlhqhu surfhvvhv xqghu wkh Q phdvxuh dqg xqghu wkh
iruzdug0T phdvxuh lv jlyhq e|
dW Q @ B +t;T,£+t;Xt,dt . dW T:
6 Wkh Fr{/ Lqjhuvroo dqg Urvv Prgho
Lq rughu wr wdnh d forvhu orrn dw wkh lvvxhv glvfxvvhg lq suhylrxv vhfwlrqv/ dqg dw wkh vdph wlph
nhhs wkh glvfxvvlrq dw d uhodwlyho| lqwxlwlyh ohyho/ zh uvw surylgh dq looxvwudwlrq edvhg rq d vlpsoh
d!qh rqh0idfwru prgho/ qdpho| wkh zhoo0nqrzq Fr{/ Lqjhuvroo dqg Urvv +FLU/ 4<;8, prgho1
614 Wkh FLU lqwhuhvw udwh surfhvv
Lq frqwudvw wr prghov edvhg rq qr0duelwudjh dujxphqwv/ wkh FLU prgho lv ghyhorshg zlwklq dq lq0
whuwhpsrudo jhqhudo htxloleulxp vhwwlqj1 Wklv doorzv d frqvlvwhqw fkdudfwhul}dwlrq ri wkh ixqfwlrqdo
iurp ri wkh ulvn suhplxp1 Wkh dvvxpswlrqv xqghuo|lqj wkh FLU hfrqrp| lpso| wkdw wkh whup
vwuxfwxuh lv frpsohwho| ghwhuplqhg e| wkh g|qdplf ehkdylru ri rqh vwdwh yduldeoh zklfk/ lq wxuq/
fdq eh h{suhvvhg lq whupv ri wkh g|qdplfv ri wkh vkruw0whup lqwhuhvw udwh/
drt @ +  rt,dt . £
s
rtdWt; +46,
zkhuh dWt lv d vwdqgdug Eurzqldq prwlrq lqfuhphqw1 Wklv htxdwlrq ghvfulehv wkh lqwhuhvw udwh
g|qdplfv xqghu wkh remhfwlyh suredelolw| phdvxuh P: Lw lv fohdu iurp wklv vshflfdwlrq wkdw wkh
vkruw udwh r zloo uhyhuw wrzdugv d frqvwdqw ohyho  dw dq dgmxvwphqw udwh ghwhuplqhg e| /d q gw k d w
wkh yduldqfh ri wkh vkruw udwh lv sursruwlrqdo wr wkh lqwhuhvw udwh ohyho1
6 1 5 U l v ns u h p l dl qw k hF L Up r g h o
Jlyhq wkh dvvxpswlrqv xqghuo|lqj wkhlu prgho/ FLU rewdlq forvhg0irup vroxwlrqv iru erqg sulfhv
+P, ri dq| jlyhq pdwxulw|1 Wkhvh sulfhv ghshqg rq wkh fxuuhqw ydoxh ri wkh vwdwh yduldeoh +wkh
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Zh frqfoxgh wkh glvfxvvlrq ri phdvxuhv e| qrwlqj wkdw |hw dqrwkhu suredelolw| phdvxuh lvlqvwdqwdqhrxv lqwhuhvw udwh,/ wkh sdudphwhuv ri wkh prgho/ wkh wlph wr pdwxulw| ri wkh erqg/ dqg
wkh pdunhw*v uhtxluhg frpshqvdwlrq iru ehdulqj ulvn1 Lq wkh FLU fdvh/ wkh orfdo h{shfwhg uhwxuq
fdq eh vkrzq wr eh htxdo wr r . rPr=P; zkhuh Pr ghqrwhv wkh sduwldo ghulydwlyh ri wkh erqg
sulfh zlwk uhvshfw wr wkh vkruw udwh r; dqg r lv wkh fryduldqfh ri fkdqjhv lq wkh lqwhuhvw udwh
zlwk fkdqjhv lq rswlpdoo| lqyhvwhg zhdowk +vhh FLU +4<;8,/ s1 6<6,1 Wkh frpshqvdwlrq iru ulvn lv
wkhuhiruh rPr=P; zklfk zloo eh srvlwlyh li  lv qhjdwlyh/ vlqfh Pr < 3: Edvhg rq wkh glvfxvvlrq lq
wkh suhylrxv vhfwlrq/ zh nqrz wkdw wkh pdunhw sulfh ri ulvn pxvw vdwlvi| wkh iroorzlqj frqglwlrq





E| vxevwlwxwlqj iru wkh orfdo h{shfwhg udwh ri uhwxuq dqg wkh yrodwlolw| lq wkh FLU prgho/ zh fdq
lghqwli| wkh vshflf irup iru wkh pdunhw sulfh ri ulvn lq wkh FLU prgho1 Vshflfdoo|/ zh nqrz wkdw
dffruglqj wr wkh prgho wkh orfdo yrodwlolw| ri d }hur0frxsrq erqg lv +vhh Dsshqgl{ F,
£+P,@















Htxlsshg zlwk wkh pdunhw sulfh ri ulvn/ zh fdq qrz rewdlq wkh g|qdplfv ri wkh lqvwdqwd0








rtd  Wt; +49,
zkhuh d  Wt lv d Eurzqldq prwlrq lqfuhphqw xqghu Q/d q g





duh wkh vshhg dqg ohyho ri phdq uhyhuvlrq xqghu wkh ulvn0qhxwudo phdvxuh Q: Khqfh/ jlyhq d {hg vhw
ri sdudphwhuv iru wkh lqwhuhvw udwh surfhvv xqghu P; d odujhu qhjdwlyh ydoxh iru wkh ulvn sdudphwhu
 zloo lpso| d kljkhu ohyho   wrzdugv zklfk wkh vkruw udwh zloo uhyhuw xqghu Q; dv zhoo dv d vorzhu
vshhg ri dgmxvwphqw wkdq xqghu wkh dfwxdo suredelolw| phdvxuh1 Lq frqwudvw/ zh vhh wkdw wkh
lqvwdqwdqhrxv yrodwlolw| ri r uhpdlqv xqfkdqjhg diwhu wkh fkdqjh ri suredelolw| phdvxuh1 Krzhyhu/
wklv grhv qrw phdq wkdw wkh yrodwlolw| ryhu d glvfuhwh wlph lqwhuydo zloo eh xqfkdqjhg/ vlqfh lw zloo
eh ghshqghqw rq wkh sdudphwhuv lq wkh guliw vshflfdwlrq dv zhoo1 Wklv lv hdvlo| vhhq iurp wkh
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+4  h{s^+s  t,`,
5 : +4<,
Wkh lpsdfw rq wkh frqglwlrqdo yduldqfh ri d fkdqjh lq wkh ulvn sdudphwhu fdq eh glylghg lqwr wzr
frpsrqhqwv1 Iluvw/ d odujhu +qhjdwlyh,  ohdgv wr d vorzhu vshhg ri phdq0uhyhuvlrq xqghu Q; +4:,/
zklfk lq wxuq uhvxowv lq d kljkhu yduldqfh ehfdxvh wkh vkruw udwh r lv sxoohg edfn wrzdugv wkh orqj
u x qp h d qd wdv o r z h us d f hu h o d w l y hw rP 1 Vhfrqg/ d odujhu +qhjdwlyh,  lqfuhdvhv wkh ulvn qhxwudo
phdq0uhyhuvlrq ohyho/ +4;,/ wkhuhe| udlvlqj wkh yduldqfh +vlqfh lw lv lqfuhdvlqj lq wkh ohyho ri wkh
vkruw udwh,1
616 Lqwhuhvw udwh dqg erqg |lhog ghqvlwlhv
Jlyhq wkh glhuhqfhv ehwzhhq wkh vkruw0whup lqwhuhvw udwh surfhvvhv xqghu wkh uhdo0zruog sure0
delolw| phdvxuh P dqg wkh ulvn0qhxwudo phdvxuh Q; lw lv ri lqwhuhvw wr h{dplqh zkdw wkh| lpso|
iru wkh glvwulexwlrq ri erqg |lhogv xqghu P dqg Q1 Wkh frqglwlrqdo ghqvlw| ri wkh vkruw whup
lqwhuhvw udwh lv dydlodeoh lq forvhg irup/ dv lv wkh fruuhvsrqglqj frqglwlrqdo glvwulexwlrq ixqfwlrq/
zklfk lv qrq0fhqwudo fkl0vtxduh +vhh FLU +4<;8,/ ss1 6<406<5,1 Pruhryhu/ vlqfh erqg |lhogv/ y; iru
pdwxulwlhv orqjhu wkdq lqvwdqwdqhrxv vlpso| duh d!qh ixqfwlrqv ri wkh vkruw udwh/
y +¤,@a+ ¤,.b+ ¤,r+ t ,; +53,
wkhlu frqglwlrqdo ghqvlwlhv duh hdvlo| rewdlqhg wkurxjk d wudqvirupdwlrq ri wkh dqdo|wlfdo vkruw0udwh
ghqvlw|1 Wkh ixqfwlrqv a+¤, dqg b+¤, ghshqg rq wlph wr pdwxulw| +¤, dv zhoo dv rq wkh sdudphwhuv
ri wkh lqwhuhvw udwh surfhvv dqg wkh pdunhw sulfh ri ulvn +vhh FLU +4<;8, iru wkh h{solflw irupxodh,1
Lq rughu wr looxvwudwh/ zh xvh wkh sdudphwhu ydoxhv lq Wdeoh 4 wr fdofxodwh ghqvlwlhv xqghu P
dqg xqghu Q: Wkh ydoxhv lq Wdeoh 4 zhuh rewdlqhg e| hvwlpdwlqj wkh prgho zlwk wkh phwkrgv xvhg
e| Dòw0Vdkdold +4<<9, rq Jhupdq zhhno| whup vwuxfwxuh gdwd ehwzhhq Mdqxdu| 4<<9 dqg Pdufk
53351
6Vhh Fr{ hw do1 +4<;8,/ s1 6<51
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whuv xqghu wkh remhfwlyh suredelolw| phd0
vxuh S/ dqg wwhg ydoxh ri 
Glvfuhwl}hg FLU prgho=








Vwdqgdug huuruv duh dv|pswrwlf/ edvhg
rq wkh rswlpdo zhljkwlqj pdwul{ ri
Kdqvhq +4<;5,1
Fkduw 4 glvsod|v wkh glvwulexwlrq ri wkh vkruw udwh r+s, frqglwlrqdo rq r+t, iru wkh fdvh zkhq
wkh krul}rq +s  t, lv rqh |hdu/ dqg zkhq wkh lqlwldo vkruw udwh lv htxdo wr 617(17 Iurp wkh fkduw/
d frxsoh ri revhuydwlrqv fdq lpphgldwho| eh pdgh1 Iluvw/ wkh ulvn0qhxwudo ghqvlw| olhv wr wkh uljkw
ri wkh dfwxdo ghqvlw|1 Wklv iroorzv iurp wkh suhylrxvo| phqwlrqhg idfw wkdw iru d qhjdwlyh ydoxh
ri wkh ulvn sdudphwhu ; wkh vkruw0whup lqwhuhvw udwh zloo uhyhuw wrzdugv d kljkhu ohyho xqghu Q
wkdq xqghu wkh dfwxdo suredelolw| phdvxuh P: Vhfrqg/ wkh ulvn0qhxwudo ghqvlwlhv duh pruh glvshuvhg
frpsduhg wr wkh dfwxdo rqhv/ dv glvfxvvhg deryh1
Fkduw 4= Vkruw0whup lqwhuhvw udwh glvwulexwlrq
xqghu P dqg Q/ 4 |hdu dkhdg/ iru lqlwldo vwdwh
yduldeoh r+t,@6 1 7 (
7617( lv wkh ohyho ri wkh vkruwhvw lqwhuhvw udwh dw wkh hqg ri wkh gdwd vdpsoh1 Wkh uhvxowlqj ghqvlwlhv frxog
wkhuhiruh eh vhhq dv wkh ghqvlwlhv lpsolhg e| wkh FLU prgho dw wkh hqg ri Pdufk 53351
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huhqfhv
ehwzhhq frqglwlrqdo lqvwdqwdqhrxv lqwhuhvw udwh ghqvlwlhv xqghu wkh ulvn0qhxwudo phdvxuh dqg wkh
fruuhvsrqglqj ghqvlwlhv xqghu wkh dfwxdo suredelolw| phdvxuh/ dv glvsod|hg lq Fkduw 41 Dq lqwhu0
hvwlqj lvvxh lv krz wklv uhvxow fduulhv ryhu wr wkh lpsdfw rq frqglwlrqdo ghqvlwlhv ri |lhogv rq erqgv
zlwk pdwxulwlhv orqjhu wkdq lqvwdqwdqhrxv zkhq fkdqjlqj wkh suredelolw| phdvxuh1 Sduwlfxoduo|
lqwhuhvwlqj/ zkhq frqvlghulqj rxu ruljlqdo sureohp ri h{dplqlqj rswlrq0lpsolhg ghqvlwlhv/ zrxog eh
wr lqyhvwljdwh wkh glvwulexwlrqv ri wkuhh0prqwk dqg whq0|hdu |lhogv/ vlqfh wkh prvw wudghg rswlrqv
lq wkh hxur duhd duh edvhg rq xqghuo|lqj lqvwuxphqwv ri wkhvh pdwxulwlhv1
Vlqfh |lhogv duh d!qh lq wkh lqvwdqwdqhrxv lqwhuhvw udwh/ +53,/ wkh |lhog ghqvlwlhv zloo uhwdlq
wkh ixqfwlrqdo irup ri wkh vkruw udwh ghqvlw| lq Fkduw 41 Wkh vshflf vkdsh ri d ghqvlw| iru d
jlyhq pdwxulw| ¤ zloo/ dsduw iurp wkh ydoxh ri wkh vwdwh yduldeoh/ ghshqg rq wkh ixqfwlrq b+¤,;
zklfk lq wxuq ghshqgv rq wkh sdudphwhuv jryhuqlqj wkh ulvn0qhxwudo g|qdplfv/ dv zhoo dv rq wlph
wr pdwxulw| lwvhoi1 Pruhryhu/ wkh glhuhqfhv ehwzhhq wkh P dqg Q ghqvlwlhv iru dq| jlyhq krul}rq
zloo ghshqg rq wkh glhuhqfhv ehwzhhq wkh sk|vlfdo dqg ulvn0qhxwudo g|qdplfv ri r/d q gr qw k h
iruhfdvw krul}rq1 Lq wkh vlpsoh vhwwlqj ri wkh FLU prgho/ wkh sulfh ri ulvn sdudphwhu  zloo/ dsduw
iurp d Mhqvhq*v lqhtxdolw| whup/ ghwhuplqh krz elj wkhvh glhuhqfhv wxuq rxw wr eh1
Fkduw 5= Wkuhh0prqwk lqwhuhvw udwh glvwulexwlrq
xqghu P dqg Q/ 4 |hdu dkhdg/ iru lqlwldo vwdwh
yduldeoh r+t,@6 1 7 (
Fkduw 5 glvsod|v wkh rqh0|hdu dkhdg glvwulexwlrq ri wkh wkuhh0prqwk lqwhuhvw udwh frqglwlrqdo
rq dq lqlwldo vkruw udwh ri 617(1 Lw lv qrw vxusulvlqj wkdw wkh wkuhh0prqwk ghqvlwlhv uhvhpeoh
wkh lqvwdqwdqhrxv ghqvlwlhv lq Fkduw 4/ jlyhq wkh uhodwlyh vlplodulw| ri wkh pdwxulwlhv1 Juhdwhu
glhuhqfhv duh ylvleoh iru wkh fruuhvsrqglqj rqh0|hdu dkhdg ghqvlwlhv ri whq0|hdu erqg |lhogv lq
ECB • Working Paper No 274 • September 2003 18Fkduw 61 Iluvw/ wkh ghqvlwlhv duh fhqwhuhg durxqg kljkhu ohyhov wkdq wkh ghqvlwlhv lq Fduwv 4 dqg
5/ uh hfwlqj wkh xszdug0vorslqj whqghqf| ri wkh |lhog fxuyh1 Vhfrqg/ wkh orqj0whup |lhog ghqvlwlhv
duh vxevwdqwldoo| ohvv glvshuvhg wkdq wkh vkruwhu0udwh ghqvlwlhv1 Wklv uhvxow lv gxh wr wkh idfw wkdw
wkh whup vwuxfwxuh ri |lhog yrodwlolwlhv whqgv wr eh grzqzdug0vorslqj> l1h1 orqj0whup |lhogv whqg
wr eh ohvv yrodwloh wkdq vkruw0whup udwhv +rq dq dqqxdol}hg edvlv,1 Lq whupv ri kroglqj uhwxuqv/
krzhyhu/ ghqvlwlhv edvhg rq orqj0whup erqgv zrxog eh pruh glvshuvhg wkdq uhwxuq ghqvlwlhv edvhg
rq vkruw0whup erqgv1
Fkduw 6= Whq0|hdu |lhog glvwulexwlrq xqghu P
dqg Q/ 4 |hdu dkhdg/ iru lqlwldo vwdwh yduldeoh r+t,
@6 1 7 (
7 Wkuhh0idfwru hvvhqwldoo| d!qh prghov
Prylqj dzd| iurp wkh rqh0idfwru FLU fdvh/ zh qrz wxuq wr pxowl0idfwru prghov zklfk surylgh
pruh  h{lelolw| lq fdswxulqj ydulrxv ihdwxuhv ri whup vwuxfwxuh gdwd ryhu wlph1 Wr wklv hqg/ zh
irfxv rq wkh d!qh fodvv ri g|qdplf whup vwuxfwxuh prghov zklfk kdv dwwudfwhg lqfuhdvlqj dwwhqwlrq
e| uhvhdufkhuv dv zhoo dv sudfwlwlrqhuv/ lq sduwlfxodu iroorzlqj Gx!h dqg Ndq*v +4<<9, suhvhqwdwlrq
ri d jhqhudol}hg d!qh prghoolqj iudphzrun1 Hpslulfdo uhvhdufk kdv vkrzq wkdw wkuhh idfwruv
vhhp vx!flhqwo|  h{leoh wr fdswxuh lpsruwdqw dvshfwv ri wkh g|qdplfv ri whup vwuxfwxuh gdwd
+h1j1 Gh Mrqj +5333,/ Gdl dqg Vlqjohwrq +5335,/ Gxhh +5335,,1 Zkloh pruh idfwruv lq wkhru|
vkrxog surylgh dgglwlrqdo  h{lelolw|/ sudfwlfdo frqvlghudwlrqv whqg wr uxoh rxw hvwlpdwlrq ri kljk0
glphqvlrqdo g|qdplf whup vwuxfwxuh prghov1 Zh wkhuhiruh irfxv rq wkuhh0idfwru d!qh prghov
lq wklv vhfwlrq/ lq wkh krsh wkdw wkhvh zloo surylgh d uhdvrqdeoh wudgh0r ehwzhhq  h{lelolw| dqg
dqdo|wlfdo wudfwdelolw|1
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qxpehu ri glhuhqw yduldqwv duh dydlodeoh zlwklq wklv fodvv/ ghshqglqj rq krz zh fkrrvh wr sdudph0
whul}h wkh prgho1 Uhfhqwo|/ Gdl dqg Vlqjohwrq +5333, kdv sursrvhg d fodvvlfdwlrq ri pxowl0idfwru
DWVPv lqwr vxeidplolhv ri dgplvvleoh prghov ghshqglqj rq wkh fkrlfh ri yduldqfh vshflfdwlrq18
Vshflfdoo|/ hdfk N0idfwru DWVP fdq eh fdwhjrul}hg lqwr N .4vxeidplolhv/ dffruglqj wr wkh
qxpehu ri idfwruv wkdw gulyh wkh frqglwlrqdo idfwru yduldqfhv1
Frqvlghu d jhqhudo N0idfwru DWVP zkhuh wkh lqvwdqwdqhrxv vkruw0whup lqwhuhvw udwh lv dq d!qh
ixqfwlrq ri wkh idfwruv Xt/
rt @ 3 . 
3
xXt; +54,
dqg zkhuh Xt iroorzv dq d!qh glxvlrq/
dXt @ N+  Xt,dt .	
s
S tdBt +55,
 +X,dt . £ +X,dBt;
zkhuh dBt lv dq N0glphqvlrqdo yhfwru ri lqghshqghqw vwdqgdug Eurzqldq prwlrqv xqghu wkh re0
mhfwlyh suredelolw| phdvxuh P; zkloh N dqg 	 duh N N sdudphwhu pdwulfhv/ dqg  lv dq N0yhfwru
ri sdudphwhuv1 Wkh N  N pdwul{ St lv gldjrqdo/ zlwk gldjrqdo hohphqwv jlyhq e|
^St`ii @ i . 
3
iXt; +56,
zkhuh i lv d vfdodu dqg i lv N 4: Iru ixwxuh uhihuhqfh/ zh ohw  ghqrwh wkh N0yhfwru frqvlvwlqj
ri wkh lqglylgxdo i=v/ dqg
E

 4  5  6

ghqrwh wkh N  N pdwul{ ri frh!flhqwv rq Xt: E| lpsrvlqj uhvwulfwlrqv rq wkh pdwul{ E/z hf d q
rewdlq glhuhqw yhuvlrqv ri wkh N0idfwru prgho zlwk uhvshfw wr wkh ghjuhh ri ghshqghqfh ri wkh
frqglwlrqdo yduldqfhv rq wkh idfwruv1 Wkh fdwhjrul}dwlrq e| Gdl dqg Vlqjohwrq +5333, lghqwlhv
N .4jhqhudo vxeidplolhv lq wklv uhjdug/ zkhuh wkh yduldqfh £+X, lv gulyhq e| m idfwruv dqg m
fdq wdnh ydoxhv iurp 3 wr N: Vshflfdoo|/ ohwwlqj m  udqn+E,; Gdl dqg Vlqjohwrq xvh Dm +N,
wr ghqrwh wkh vhw ri dgplvvleoh N0idfwru DWVPv zlwk m idfwruv ghwhuplqlqj wkh idfwru yduldqfh
pdwul{1
Iru dq| jlyhq vshflfdwlrq ri dq N0idfwru DWVP/ d qxpehu ri lqyduldqw wudqvirupdwlrqv fdq eh
pdgh/ lq zklfk wkh vwdwh dqg sdudphwhu yhfwruv xqghujr ydulrxv wudqvirupdwlrqv dqg uhvfdolqjv/
zkloh uhvxowlqj lq dq xqfkdqjhg lqvwdqwdqhrxv vkruw udwh dqg xqfkdqjhg erqg sulfhv +vhh Dsshqgl{
8Gdl dqg Vlqjohwrq +5333, uhihu wr dq DWVP dv dgplvvleoh li lw hqvxuhv srvlwlyh idfwru yduldqfhv/ ru/ pruh
suhflvho|/ li li lw hqvxuhv wkdw dStoii +vhh ehorz, lv vwulfwo| srvlwlyh iru hdfk i +vhh wkhlu Dsshqgl{ E iru ixuwkhu
ghwdlov,1 Wkhlu fodvvl￿fdwlrq vfkhph lpsrvhv wkh plqlpdo nqrzq vx!flhqw frqglwlrqv iru dgplvvlelolw| dqg dqg wkh
plqlpdo qrupdol}dwlrqv iru hfrqrphwulf lghqwl￿fdwlrq1
ECB • Working Paper No 274 • September 2003 20D lq Gdl dqg Vlqjohwrq +5333,,1 Lq rughu wr idflolwdwh wkh wdvn ri fkhfnlqj zkhwkhu vrph jlyhq prgho
vshflfdwlrq lv dgplvvleoh/ wkh| sursrvh d vshflf lqyduldqw wudqvirupdwlrq/ wkh vr0fdoohg fdqrqlfdo
uhsuhvhqwdwlrq ri dgplvvleoh DWVPv/ zklfk lpsrvhv plqlpxp frqvwudlqwv wr hqvxuh dgplvvlelolw|
dqg hfrqrphwulf lghqwlfdwlrq11 Edvlfdoo|/ wkh fdqrqlfdo uhsuhvhqwdwlrq sduwlwlrqv wkh idfwruv lqwr
d yhfwru frqvlvwlqj ri wkh m idfwruv +li dq|, zklfk gulyh wkh frqglwlrqdo yduldqfhv/ dqg wkh N  m






1 Wkh sdudphwhu pdwulfhv dqg yhfwruv duh wkhq

































Ixuwkhupruh/ d qxpehu ri sdudphwhu uhvwulfwlrqv duh lpsrvhg lq rughu wr dvvxuh dgplvvlelolw| dqg
hfrqrphwulf lghqwlfdwlrq1+vhh Gdl dqg Vlqjohwrq +5333, iru ghwdlov,1
714 D Jdxvvldq wkuhh0idfwru DWVP= Df E
Vwduwlqj r zlwk wkh vlpsohvw wkuhh0idfwru fdqrqlfdo DWVP/ frqvlghu wkh fdvh zkhuh qrqh ri wkh
idfwruv dhfw wkh yrodwlolw| ri Xt/1l1h1 dq D3 +6, prgho1 Lq wklv fdvh/ wkh fdqrqlfdo uhsuhvhqwdwlrq
vhwv  htxdo wr d 6  4 yhfwru ri rqhv/ zkloh E lv vhw wr }hur/ vr wkdw £+X,@I 6 :Khqfh/ zh duh
ohiw zlwk d krprvnhgdvwlf prgho/ zkhuh wkh idfwruv iroorz d Jdxvvldq glxvlrq1 Fohduo|/ lqwhuhvw
udwhv dqg erqg |lhogv gr qrw kdyh frqvwdqw yduldqfhv/ exw wklv prgho fdq qhyhuwkhohvv vhuyh dv d
vlpsoh lqlwldo srlqw ri ghsduwxuh1 Pruhryhu/ dv vkrzq e| Gxhh +5335,/ lw wxuqv rxw wkdw wkhuh
lv d wudgh0r ehwzhhq wkh  h{lelolw| ri wkh yduldqfh vshflfdwlrq dqg wkh srvvlelolw| wr vshfli| d
 h{leoh pdunhw sulfh ri ulvn1 Ixuwkhupruh/ wkh  h{lelolw| ri wkh pdunhw sulfh ri ulvn vshflfdwlrq
kdv suryhg fuxfldo iru lpsurylqj lqwhuhvw udwh iruhfdvwv dqg iru fdswxulqj lpsruwdqw ihdwxuhv lq wkh
gdwd +Gxhh +5335,/ Gdl dqg Vlqjohwrq +5335,,1 Frqvhtxhqwo|/ wkh vlpsoh Jdxvvldq prgho pd|
qrw qhfhvvdulo| iduh dv edgo| dv rqh frxog ihdu d sulrul1
Wkh nh| wr wkh dujxphqwv deryh uhjduglqj wkh wudgh0r ehwzhhq wkh  h{lelolw| ri wkh yduldqfh
vshflfdwlrq dqg wkh pdunhw sulfh ri ulvn/ lv wkdw rqh pryhv dzd| iurp wkh vwdqgdug dvvxpswlrq




zkhuh  lv d yhfwru ri frqvwdqwv1 Lq wklv vhwxs/ frpshqvdwlrq iru ulvn zloo eh sursruwlrqdo wr
wkh yduldqfh ri wkh ulvn idfwruv1 Wkh dgydqwdjh ri wklv vlpsoh vshflfdwlrq lv wkdw lw suhvhuyhv wkh
d!qh vwuxfwxuh zkhq fkdqjlqj phdvxuh iurp wkh remhfwlyh wr wkh ulvn0qhxwudo suredelolw| phdvxuh19
Gxhh +5335,/ rq wkh rwkhu kdqg/ sursrvhv d vshflfdwlrq iru wkh pdunhw sulfh ri ulvn zklfk euhdnv
wkh olqn ehwzhhq frpshqvdwlrq iru ulvn dqg wkh yduldqfh1: Wkh uhvxowlqj fodvv ri prghov/ ghqrwhg
wkh hvvhqwldoo| d!qh fodvv/ doorzv qrw rqo| wkh yduldqfh ri wkh idfwruv wr ghwhuplqh wkh ulvn
frpshqvdwlrq/ exw dovr ohwv wkh idfwruv wkhpvhoyhv lq xhqfh wkh frpshqvdwlrq iru ulvn1 Lw wxuqv
rxw wkdw wkh hvvhqwldoo| d!qh vshflfdwlrq dovr suhvhuyhv wkh d!qh ihdwxuhv ri wkh prgho xqghu
erwk wkh remhfwlyh dqg wkh ulvn0qhxwudo phdvxuh +vhh Dsshqgl{ G,1;



























zkloh ¨ lv d 6  6 sdudphwhu pdwul{1 Jlyhq wkh fdqrqlfdo uhsuhvhqwdwlrq dv vshflhg lq +57,0+5;,/
lw lv hdv| wr vhh zk| wkhuh lv d wudgh0r ehwzhhq wkh  h{lelolw| ri £+X, dqg wkdw ri : Fohduo|/ lq






fdq uhdfk }hur iru
hdfk ri wkh wkuhh idfwruv i; li Xt zhuh wr uhdfk }hur1 Wkh pdwul{
t
S￿
t+ii, lv wkhuhiruh ghqhg wr
eh }hur dffruglqj wr +64,/ dqg  froodsvhv wr wkh frpsohwho| d!qh vshflfdwlrq +5<,1 Lq frqwudvw/






dqg ¨Xt wkhuhiruh ixoo| lpsdfwv rq wkh pdunhw sulfh ri ulvn1 Lq ehwzhhq wkhvh wzr h{wuhph fdvhv/
m @4ru 5 zloo lpso| prghov zlwk pruh  h{leoh yduldqfh vshflfdwlrqv dqg ohvv  h{leoh  wkdq lq
wkh D3 +6, fdvh/ exw vwloo pruh  h{leoh ulvn sulfhv wkdq lq wkh D6 +6, vshflfdwlrq1
Dv phqwlrqhg deryh/ wkh ghjuhh ri  h{lelolw| lq wkh ulvn sulfh kdv suryhq hvvhqwldo zlwk uhvshfw
wr wkh delolw| ri DWVPv wr suhglfw ixwxuh lqwhuhvw udwhv1 Krzhyhu/ zkloh wkh D3 +6, prgho doorzv
9DWVPv zlwk wklv w|sh ri pdunhw sulfh ri ulvn duh wkhuhiruh vrphwlphv uhihuuhg wr dv ￿frpsohwho| d!qh￿1
:Gxduwh +5336, sursrvhv dq dowhuqdwlyh vshfl￿fdwlrq +￿vhpl0d!qh￿, zklfk dovr surylghv dgghg  h{lelolw| lq wkh
pdunhw sulfh ri ulvn1 Krzhyhu/ wklv vshfl￿fdwlrq grhv qrw lq jhqhudo doorz juhdwhu  h{lelolw| wkdq wkdw ri Gx￿hh
+5335,1 Pruhryhu/ wkh vhpl0d!qh fodvv lv qrw d!qh xqghu wkh remhfwlyh suredelolw| phdvxuh/ wkhuhe| pdnlqj lw
frpsxwdwlrqdoo| pruh exughqvrph wr kdqgoh lq sudfwlfh1
;Wkh odeho ￿hvvhqwldoo| d!qh￿ uhihuv wr wkh idfw wkdw zkloh wkh idfwru surfhvvhv uhpdlq d!qh xqghu d fkdqjh ri
phdvxuh/ wkh yduldqfh ri wkh vwdwh sulfh gh dwru/ \\￿; lv qrw d!qh1 Wklv lv/ krzhyhu/ lqfrqvhtxhqwldo vlqfh wklv
yduldqfh grhv qrw d￿hfw erqg sulfhv1
ECB • Working Paper No 274 • September 2003 22wkh prvw  h{leoh vshflfdwlrq ri ; lw uhpdlqv wr eh vhhq krz vxffhvvixo lw lv lq sulflqj ghulydwlyh
frqwudfwv/ vlqfh wkh dffxudwh sulflqj ri vxfk frqwudfwv w|slfdoo| uhtxluh wkdw wkh prgho lv deoh wr
vxffhvvixoo| fdswxuh wkh g|qdplfv ri wkh whup vwuxfwxuh ri yrodwlolwlhv1
Lq rughu wr hydoxdwh wkh shuirupdqfh ri wkh D3 +6, prgho/ dqg dqwlflsdwlqj ixwxuh dssolfdwlrqv
wr Jhupdq Exqg ixwxuhv rswlrqv/ zh hvwlpdwh wkh sdudphwhuv ri wkh prgho xvlqj Jhupdq whup
vwuxfwxuh gdwd iurp Mdqxdu| 4<;6 wr Pdufk 53351 Vshflfdoo|/ zh rewdlq d prqwko| wlph0vhulhv
ri sdudphwhu hvwlpdwhv iru Vyhqvvrq*v +4<<7, h{whqvlrq ri wkh Qhovrq dqg Vlhjho +4<;:, prgho
iurp wkh ELV1 Wkhvh sdudphwhuv/ lq wxuq/ kdyh ehhq rewdlqhg e| wwlqj wkh prgho wr wkh suhydlolqj
Jhupdq |lhog fxuyh dw wkh hqg ri hdfk prqwk/ l1h1 wr dydlodeoh prqh| pdunhw dqg jryhuqphqw erqg
gdwd1 Wkhvh sdudphwhuv doorzv xv wr rewdlq }hur0frxsrq erqg sulfhv dqg |lhogv iru dq| pdwxulw|
hyhu| prqwk gxulqj wkh vdpsoh shulrg/ l1h1 d wlph0vhulhv ri Jhupdq whup vwuxfwxuhv1 Vlqfh wkh
l q w u r g x f w l r qr iw k hh x u rl qM d q x d u |4 < < < /z hf d qd o v ry l h zw k h v hd vs u r { l h vi r uw k hh x u rd u h dw h u p
vwuxfwxuhv1
Fkduw 7= \lhog gdwd xvhg lq wkh hvwlpdwlrqv ri pxowl0idfwru
DWVPv
Wkh hvwlpdwlrq ri DWVPv lv edvhg rq d Ndopdq owhu whfkqltxh/ zkhuh wkh gdwd xvhg frqvlvwv
r i} h u r 0 f r x s r q| l h o g vi r uw k hp d w x u l w l h v6 /9 /< /d q g4 5p r q w k v /d vz h o od v5 /6 /8 /: /d q g4 3| h d u v 1
Edvhg rq wkh sdudphwhu hvwlpdwhv rewdlqhg iurp wkh ELV/ wkh hvwlpdwhg Qhovrq0Vlhjho0Vyhqvvrq
|lhog fxuyhv dw wlphv glvsod| d vrphzkdw huudwlf ehkdylru dw wkh yhu| vkruw hqg ri wkh fxuyh/ lq
sduwlfxodu lq wkh hduo| sduw ri wkh vdpsoh1 Zh kdyh wkhuhiruh vxevwlwxwhg wkh prgho0edvhg 60prqwk
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udwhv1 Iljxuh 7 glvsod|v wkh gdwd xvhg lq wkh hvwlpdwlrqv1
715 Hvwlpdwlrq xvlqj wkh Ndopdq Ilowhu
Wkh hvwlpdwlrq ri pxowl0idfwru DWVPv lv frpsolfdwhg e| wkh idfw wkdw wkhuh lv w|slfdoo| qr forvhg0
irup vroxwlrq dydlodeoh iru wkh ghqvlw| ri glvfuhwho| vdpsohg |lhogv ru erqg sulfhv zklfk frxog
eh xvhg lq pd{lpxp olnholkrrg +PO, hvwlpdwlrq1 Krzhyhu/ iru Jdxvvldq prghov/ wkh frqglwlrqdo
ghqvlw| lv nqrzq/ dqg zh fdq wkhuhiruh surfhhg zlwk PO hvwlpdwlrq lq wkh D3 +6, fdvh1 W|slfdoo|
lq hpslulfdo dssolfdwlrqv/ wkh qxpehu ri pdwxulwlhv xvhg lq wkh hvwlpdwlrq lv vhw htxdo wr wkh
qxpehu ri idfwruv +h1j1 Gdl dqg Vlqjohwrq +5333,,/ ru/ dowhuqdwlyho|/ lw lv dvvxphg wkdw |lhogv
iru N pdwxulwlhv duh revhuyhg zlwkrxw dq| huuru zkhuhdv vrph huuru vwuxfwxuh lv lpsrvhg rq dq|
dgglwlrqdo pdwxulwlhv lqfoxghg lq wkh hvwlpdwlrq +h1j1 Gxhh +5335,,1 Lq wklv zd|/ wkh xqrevhuydeoh
idfwruv fdq eh lqyhuwhg iru xvlqj wkh dvvxphg shuihfwo| revhuydeoh |lhogv1 Rqh sureohp zlwk wklv
dssurdfk lv wkdw lv wkdw lw lv qrw hqwluho| fohdu zk| wkh |lhogv iru vrph pruh ru ohvv duelwudulo| fkrvhq
pdwxulwlhv vkrxog eh revhuyhg shuihfwo|/ zkhuhdv rwkhu |lhogv duh revhuyhg zlwk vrph phdvxuhphqw
huuru1
Lqvwhdg/ zh iroorz dprqj rwkhuv Oxqg +4<<:,/ gh Mrqj +5333,/ dqg Gxhh dqg Vwdqwrq +5334,
lq dvvxplqj wkdw doo |lhogv duh revhuyhg lpshuihfwo|/ dqg dsso|lqj wkh Ndopdq owhu whfkqltxh wr
hvwlpdwh wkh xqghuo|lqj xqrevhuydeoh idfwruv1 Lq sulqflsoh/ wkhvh phdvxuhphqw huuruv fdq eh
vhhq dv uh hfwlqj h1j1 elg0dvn vsuhdgv/ qrq0v|qfkurqrxv gdwd/ ru rwkhu pdunhw0vshflf lq xhqfhv1
Lq wklv vwdwh0vsdfh vhwxs/ wkh hyroxwlrq ri wkh idfwruv ryhu glvfuhwh wlph lqwhuydov ghwhuplqhv wkh
wudqvlwlrq htxdwlrq/ zkloh wkh phdvxuhphqw htxdwlrq lv wdnhq wr eh wkh uhodwlrq ehwzhhq |lhogv ri
glhuhqw pdwxulwlhv dqg wkh idfwruv1 Pruhryhu/ wkh suhglfwlrq huuruv iurp wkh Ndopdq owhu dqg
wkhlu dvvrfldwhg fryduldqfhv fdq eh xvhg wr rewdlq wkh h{dfw orj0olnholkrrg ixqfwlrq lq wkh Jdxvvldq
fdvh/ ru wr frqvwuxfw d txdvl orj0olnholkrrg ixqfwlrq lq pruh jhqhudo fdvhv1
Dvvxph wkdw wkh gdwd vhw frqvlvwv ri d wlph vhulhv ri ohqjwk T ri M }hur0frxsrq erqg |lhogv





dqg ¤i lv wkh wlph wr pdwxulw| ri erqg i: Ohw wkh revhuyhg |lhogv eh htxdoo| vsdfhg ryhu wlph/ dw
lqwhuydov ri ohqjwk h: Ixuwkhupruh/ lq olqh zlwk wkh dujxphqwv deryh/ dvvxph wkdw wkh revhuyhg
|lhogv frqvlvw ri wkh wkhruhwlfdo |lhogv rewdlqhg iurp vrph fkrvhq prgho dqg d phdvxuhphqw huuru1
Wklv surylghv xv zlwk wkh phdvxuhphqw htxdwlrq/
Yt @ d+¦,.Z+ ¦ ,X t." t; +65,
ECB • Working Paper No 274 • September 2003 24zkhuh wkh phdvxuhphqw huuru "t lv dvvxphg wr eh qrupdoo| glvwulexwhg/
"t  N +3;H+¦,,; +66,
dqg ¦ ghqrwhv wkh yhfwru ri sdudphwhuv lq wkh prgho1 Lq sudfwlfh/ zh dvvxph wkdw H +¦, lv
gldjrqdo/ dqg lqfoxgh wkh gldjrqdo hohphqwv ri wklv pdwul{ lq wkh vhw ri sdudphwhuv wr eh hvwlpdwhg1
Frpsdulqj wkh phdvxuhphqw htxdwlrq +65, zlwk wkh wkhruhwlfdo h{suhvvlrq iru wkh |lhog rq d }hur0























Dv phqwlrqhg ehiruh/ wkh ixqfwlrqv A+¤, dqg B+¤, duh vroxwlrqv wr d v|vwhp ri RGHv1 Vshflfdoo|/
lq wkh D3 +6, fdvh/ zh kdyh
dA+¤,
d¤
@ 3  B3 +¤, .
4
5
B3 +¤,B +¤,; +69,
dB +¤,
d¤
@ y  ¨
3B +¤, N 3B+ ¤,: +6:,
Khuh/ zh fdq qrwh wkdw vlqfh A+¤, dqg B +¤, duh ixqfwlrqv ri/ dprqj rwkhu wklqjv/ wkh  dqg ¨
sdudphwhu pdwulfhv lq wkh pdunhw sulfh ri ulvn +63,/ zh duh deoh wr hvwlpdwh wkhvh sdudphwhuv dqg
wkhuhe| uhfryhu wkh ulvn0qhxwudo g|qdplfv1
Qh{w/ wkh wudqvlwlrq htxdwlrq ghvfulehv wkh hyroxwlrq ri wkh vwdwh yhfwru iurp rqh revhuydwlrq
wlph wr wkh qh{w/
Xt @+ ¦ ,X t ￿ h.u t; +6;,
zkhuh
+¦,@h { s^ Nh`; +6<,








Wkh wudqvlwlrq htxdwlrq +6;, grhv qrw frqwdlq dq| frqvwdqw lq wkh D3 +6, fdvh vlqfh wkh qrupdol}d0
wlrq +58, lq wkh fdqrqlfdo uhsuhvhqwdwlrq vhwv @3 :Ehfdxvh wkh prgho lv Jdxvvldq/ wkh lqqrydwlrq
lq wkh wudqvlwlrq htxdwlrq lv qrupdoo| glvwulexwhg/
ut  N +3;V t+¦,,; +73,




h{s^N+t  s,`h{s^N3 +t  s,`ds: +74,
Jlyhq wkh vshflfdwlrq ri wkh phdvxuhphqw dqg wkh wudqvlwlrq htxdwlrqv/ wkh Ndopdq owhu
dojrulwkp fdq eh lpsohphqwhg wr surylgh d vhtxhqfh ri suhglfwlrqv dqg xsgdwhv ri wkh vwdwh yhfwru
dqg lwv yduldqfh1 Ixuwkhupruh/ wkh olnholkrrg ixqfwlrq lv rewdlqhg dv d uhvxow ri wkh Ndopdq owhu
uhfxuvlrqv/ wkhuhe| hqdeolqj sdudphwhu hvwlpdwlrq1 Dsshqgl{ H frqwdlqv vrph ixuwkhu whfkqlfdo
ghwdlov rq wkh lpsohphqwdwlrq ri wkh Ndopdq owhu lq wklv vhwwlqj1<
Wdeoh 5= TPO sdudphwhu hvwlpdwhv iru wkh Hvvhq0
wldoo| D!qh D3 +6, prgho
Sdudphwhu Hvwlpdwh Vwdqgdug huuru
3 3:385 31335
4  435 3:36: 314:;
5  435 3:887 313;8



















Wkh vwdqgdug huuruv duh edvhg rq wkh dv|pswrwlf
yduldqfh0fryduldqfh pdwul{ ri Zklwh +4<;5,1 Wkh hvwl0
pdwhv ri wkh phdvxuhphqw huuru yduldqfhv lq H E¦ duh
qrw uhsruwhg1
Dsso|lqj wkh hvwlpdwlrq surfhgxuh rxwolqhg deryh/ zh rewdlq sdudphwhu hvwlpdwhv iru wkh D3 +6,
prgho/ dv uhsruwhg lq Wdeoh 51 Vlqfh zh duh deoh wr hvwlpdwh wkh sulfh ri ulvn sdudphwhuv/ zh kdyh
hhfwlyho| lghqwlhg erwk wkh remhfwlyh uhdo0zruog g|qdplfv dqg wkh ulvn0qhxwudo g|qdplfv ri wkh
xqghuo|lqj idfwruv/ dv srvwxodwhg e| wkh D3 +6, vshflfdwlrq1 Wklv hqdeohv xv wr ixoo| fkdudfwhul}h
<Vhh dovr h1j1 Oxqg +4<<:, ru gh Mrqj +5333, iru ixuwkhu ghwdlov rq lpsohphqwlqj wkh Ndopdq ￿owhu wr hvwlpdwh
DWVPv1
ECB • Working Paper No 274 • September 2003 26wkh ihdwxuhv ri wkh vkruw0whup lqwhuhvw udwh ru }hur0frxsrq erqg |lhogv ri dq| pdwxulw|/ lqfoxglqj
wkh frqglwlrqdo glvwulexwlrq ri wkhvh yduldeohv xqghu erwk suredelolw| phdvxuhv1 Khqfh/ dvvxplqj
wkdw wkh vshflfdwlrq ri wkh prgho lv fruuhfw/ zh qrz kdyh d zd| ri h{dplqlqj wkh glvfuhsdqflhv
ehwzhhq ulvn0qhxwudo lqwhuhvw udwh glvwulexwlrqv/ zklfk lv zkdw dq rswlrq0lpsolhg dssurdfk zrxog
gholyhu/ dqg remhfwlyh lqwhuhvw udwh glvwulexwlrqv/ zklfk lv zkdw srolf|pdnhuv duh lqwhuhvwhg lq1
Wkh D3 +6, vshflfdwlrq doorzv xv wr uhfryhu |lhog glvwulexwlrqv yhu| hdvlo|/ vlqfh zh nqrz
wkdw wkh frqglwlrqdo |lhog glvwulexwlrq zloo eh qrupdoo| glvwulexwhg1 Vshflfdoo|/ wkh phdq ri wkh
glvwulexwlrq ri d ¤0pdwxulw| }hur0frxsrq |lhog dw wlph t . h frqglwlrqdo rq lqirupdwlrq dw wlph t
zloo eh
E ^yt.h +¤, m Xt`@
A + ¤ ,
¤

B + ¤ ,
3
¤
E ^ X t . h m X t `
@
A + ¤ ,
¤





zkhuh wkh vhfrqg htxdolw| iroorzv iurp +6;, dqg +6<,1 Pruhryhu/ wkh fruuhvsrqglqj frqglwlrqdo
yduldqfh zloo eh jlyhq e|
Va r^ y t . h+ ¤,mX t`@
B + ¤ ,
3
¤
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Khqfh/ wkh frqglwlrqdo remhfwlyh +P, glvwulexwlrq ri yt.h +¤, zloo eh Jdxvvldq/ zlwk phdq jlyhq e|
+75, dqg yduldqfh +76,1 Wkh fruuhvsrqglqj ulvn0qhxwudo +Q, glvwulexwlrq fdq eh irxqg e| xvlqj wkh
ulvn0qhxwudo g|qdplfv zkhq hydoxdwlqj wkh frqglwlrqdo h{shfwdwlrq dqg yduldqfh ri X =











Va r Q^ X t . hmX t`@








NQ3 +t  s,

ds; +78,
zkhuh NQ @+ N.¨ ,;dqg Q @ +N . ¨,
￿4  iroorz iurp Jluvdqry*v wkhruhp1
Wr looxvwudwh wkh glvwlqfwlrq ehwzhhq wkh remhfwlyh dqg wkh ulvn0qhxwudo glvwulexwlrqv/ frqvlghu
wkh rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrqv ri wkh 60prqwk dqg wkh 430|hdu }hur0frxsrq |lhogv1
Fkduwv 8 dqg 9 glvsod| wkhvh glvwulexwlrqv iru hdfk ri wkh wzr suredelolw| phdvxuhv/ dv lpsolhg e|
wkh sdudphwhu hvwlpdwhv dqg wkh owhuhg idfwruv dw wkh hqg ri rxu vdpsoh +hqg0Pdufk 5335,1
ECB • Working Paper No 274 • September 2003 27Fkduw 8= Rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrq ri
wkh 60prqwk lqwhuhvw udwh/ dv lpsolhg e| wkh D3 +6,0
prgho/ hqg0Pdufk 53351
Fkduw 9= Rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrq
ri wkh 430|hdu }hur0frxsrq erqg |lhog/ dv lpsolhg e|
wkh D3 +6,0prgho/ hqg0Pdufk 53351
Zkloh wkh glhuhqfhv lq wkh fdvh ri wkh 60prqwk udwh vhhp uhodwlyho| vpdoo iru wkh sduwlfxodu
idfwru ydoxhv lq wklv h{dpsoh/ wkhuh duh qrq0qhjoljleoh glhuhqfhv ehwzhhq wkh ulvn0qhxwudo dqg
wkh remhfwlyh ghqvlwlhv lq wkh fdvh ri wkh 430|hdu |lhog1 Lq wkh h{dpsoh vkrzq/ wkh phdq ri wkh
remhfwlyh glvwulexwlrq lv derxw 58 edvlv srlqwv kljkhu wkdq lq wkh ulvn0qhxwudo rqh/ zkloh wkh |lhog
ECB • Working Paper No 274 • September 2003 28vwdqgdug ghyldwlrq lv derxw 31:( lq wkh P0glvwulexwlrq/ dqg durxqg 31;8( lq wkh Q0glvwulexwlrq143
Pruh lpsruwdqwo|/ wkh lpsolhg suredelolwlhv iru glhuhqw |lhog rxwfrphv fdq glhu vxevwdqwldoo|1
Iru h{dpsoh/ lq wkh h{dpsoh deryh/ wkh ulvn0qhxwudo suredelolw| wkdw wkh 430|hdu |lhog zrxog eh
ehorz 813( rqh |hdu dkhdg lv dssur{lpdwho| 4;19(/ zkhuhdv wkh dfwxdo P0suredelolw| iru wkh vdph
rxwfrph lv rqo| durxqg :1;(1 Khqfh/ e| uho|lqj rq h1j1 rswlrq0lpsolhg ghqvlwlhv/ zklfk gholyhu
wkh ulvn0qhxwudo suredelolwlhv/ wr lqihu wkh pdunhw*v h{shfwdwlrqv derxw ixwxuh rxwfrphv/ wkhuh lv d
frqvlghudeoh ulvn wkdw lqfruuhfw frqfoxvlrqv zloo eh gudzq/ dw ohdvw li wkh dvvxphg vshflfdwlrq lv
wkh fruuhfw rqh1
Lq dgglwlrq/ wkh frqglwlrqdo phdqv ri wkh |lhog glvwulexwlrqv zloo fkdqjh ryhu wlph/ dv wkh
idfwruv hyroyh1 Wkh uhodwlrq ehwzhhq wkh remhfwlyh dqg wkh ulvn0qhxwudo phdqv zloo dovr fkdqjh/
dqg wkhuhiruh wkh uhodwlrq ehwzhhq wkh suredelolwlhv iru glhuhqw rxwfrphv zloo fkdqjh1 Lq idfw/
ghshqglqj rq wkh hyroxwlrq ri wkh idfwruv/ wkh glhuhqfh ehwzhhq wkh phdqv ri wkh glvwulexwlrqv
pd| fkdqjh vljq gxulqj vrph shulrgv1 Krzhyhu/ lw lv hdv| wr vhh iurp +74, wkdw wkh yduldqfhv ri
wkh P dqg Q glvwulexwlrqv zloo uhpdlq frqvwdqw ryhu wlph/ ghvslwh yduldwlrq lq wkh idfwruv1 Lq rughu
wr doorz juhdwhu  h{lelolw| lq wkh frqglwlrqdo yduldqfh vshflfdwlrq/ zh wxuq wr wkh D4 +6, prgho lq
wkh qh{w vhfwlrq1
716 Wkh D￿ E hvvhqwldoo| d!qh prgho
Lq wkh D4 +6, prgho/ rqo| rqh ri wkh wkuhh idfwruv dhfw wkh yrodwlolw| ri Xt1 Lq dffrugdqfh zlwk
wkh fdqrqlfdo uhsuhvhqwdwlrq/ wklv idfwru lv dvvxphg wr eh wkh uvw rqh/ dqg wkh sdudphwhu yhfwruv
dqg pdwulfhv duh dgmxvwhg dffruglqj wr +57,0+5;,1 Qrwdeo|/ wkh uvw hohphqw ri wkh yhfwru ri orqj0
uxq phdqv/ / lv qr orqjhu }hur/ zkhuhdv 4 @3 ;dqg wkh uvw urz ri E lv glhuhqw iurp }hur1
Zh lpsrvh vxlwdeoh sdudphwhu uhvwulfwlrqv wr hqvxuh dgplvvlelolw| dqg lghqwlfdwlrq +vhh Gdl dqg
Vlqjohwrq +5333,,1
Wkh lpsolfdwlrqv ri wkh D4 +6, vshflfdwlrq rq wkh frqglwlrqdo yduldqfh fdq hdvlo| eh vhhq e|
frpsdulqj zlwk wkh D3 +6, prgho1 Dffruglqj wr wkh odwwhu prgho/ St lv htxdo wr I lq wkh glxvlrq
whup ri wkh idfwru surfhvv dXt @ N+  Xt,dt .
s
StdBt: Lq frqwudvw/ wkh S0pdwul{ lq wkh D4 +6,
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8: +79,
Wkh uvw idfwru/ X4; wkhuhiruh hqwhuv dv d vwrfkdvwlf yrodwlolw| idfwru lq hdfk ri wkh wkuhh idfwruv1
Krzhyhu/ dv dujxhg deryh/ wklv dgghg  h{lelolw| lq wkh yduldqfh vshflfdwlrq frphv dw d frvw lq
whupv ri wkh  h{lelolw| ri wkh sulfh ri ulvn lq wkh hvvhqwldoo| d!qh iudphzrun1 Vshflfdoo|/ ehfdxvh
43Wr sxw wkh phdq gl￿huhqfh lq shuvshfwlyh/ ryhu wkh hqwluh vdpsoh ehwzhhq 4<;6 dqg 5335 wkh hvwlpdwhg dyhudjh
gl￿huhqfh lq wkh devroxwh ydoxh ri wkh gl￿huhqfh ehwzhhq wkh phdqv lv 67 edvlv srlqwv1






lv qr orqjhu juhdwhu wkdq }hur/ +64, uhtxluhv wkdw S￿
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t lv }hur/ wkh uvw urz ri ¨ grhv qrw lpsdfw rq wkh pdunhw sulfh ri
ulvn dqg zh wkhuhiruh vhw wklv urz wr }hur1
Dv lq wkh D3 +6, f d v h /z hh v w l p d w hw k hD 4+6, prgho xvlqj wkh Ndopdq owhu whfkqltxh1 Krz0
hyhu/ lq frqwudvw wr wkh Jdxvvldq fdvh/ wkhuh lv qr orqjhu d forvhg0irup vroxwlrq dydlodeoh iru wkh
frqglwlrqdo ghqvlw| ri erqg |lhogv/ dqg zh fdq wkhuhiruh qrw xvh h{dfw PO hvwlpdwlrq1 D qxpehu ri
dowhuqdwlyh dssurdfkhv kdyh ehhq vxjjhvwhg lq wkh olwhudwxuh/ lqfoxglqj Vlpxodwhg Phwkrg ri Pr0
phqwv +Gx!h dqg Vlqjohwrq +4<<6,,/ H!flhqw Phwkrg ri Prphqwv +Jdoodqw dqg Wdxfkhq +4<<9,,/
dqg hvwlpdwlrq edvhg rq wkh frqglwlrqdo fkdudfwhulvwlf ixqfwlrq +Vlqjohwrq +5333,,1 Krzhyhu/ wkhvh
dssurdfkhv riwhq wxuq rxw wr eh txlwh frpsxwdwlrqdoo| exughqvrph wr lpsohphqw/ lq sduwlfxodu iru
pxowl0idfwru DWVPv1 Zh wkhuhiruh surfhhg zlwk wkh xvh ri wkh Ndopdq owhu dqg dvvxph d qrupdo
glvwulexwlrq iru wkh lqqrydwlrqv lq wkh wudqvlwlrq htxdwlrq lq rughu wr lpsohphqw d txdvl0pd{lpxp
olnholkrrg +TPO, hvwlpdwlrq dssurdfk/ dv lq Oxqg +4<<:,/ Gh Mrqj +5333,/ dqg Gxhh dqg Vwdqwrq
+5333,/ dprqj rwkhuv1 Lq wklv frqwh{w/ lw lv lqwhuhvwlqj wr qrwh wkdw Gxhh dqg Vwdqwrq +5333, qg
lq d Prqwh Fduor vwxg| ri wkh HPP dqg wkh Ndopdq owhu2TPO hvwlpdwlrq whfkqltxhv wkdw wkh
odwwhu shuiruphg vxevwdqwldoo| ehwwhu wkdq wkh iruphu lq vpdoo vdpsohv1
Frpsduhg zlwk wkh D3 +6, fdvh/ wkh lpsohphqwdwlrq ri wkh hvwlpdwlrq surfhgxuh iru wkh D4 +6,
prgho uhtxluhv d ihz dgmxvwphqwv1 Wkh phdvxuhphqw htxdwlrq +65, ri wkh vwdwh vsdfh prgho zloo
uhpdlq xqfkdqjhg/ exw wkh ixqfwlrqv A+¤, dqg B +¤, zloo qrz eh vroxwlrqv wr d glhuhqw v|vwhp
ri RGHv +qrw vkrzq,/ uh hfwlqj wkh qhz g|qdplfv dqg ulvn sulfhv ri wkh idfwruv1 Wkh qxphulfdo
Uxqjh0Nxwwd phwkrg fdq eh xvhg wr surylgh idvw dqg dffxudwh vroxwlrqv1 Wkh wudqvlwlrq htxdwlrq/
krzhyhu/ zloo eh glhuhqw ehfdxvh  qr orqjhu kdv doo hohphqwv htxdo wr }hur1 Vshflfdoo|/ zh jhw
Xt @ c+¦,.+ ¦ ,X t ￿ h.u t; +7;,





@+ I  h{s^N+h,`,; +7<,
zkloh +¦,lv ghqhg dv lq +6<,1 Qh{w/ zh dvvxph wkdw wkh lqqrydwlrqv lq wkh wudqvlwlrq htxdwlrq duh
pxowlyduldwh qrupdoo| glvwulexwhg lq rughu wr lpsohphqw wkh TPO hvwlpdwlrq surfhgxuh1 Ehfdxvh




h{s^N+t  s,`St h{s^N3 +t  s,`ds: +83,
ECB • Working Paper No 274 • September 2003 30Wdeoh 6= TPO sdudphwhu hvwlpdwhv iru wkh Hvvhq0
wldoo| D!qh D4 +6, prgho
Sdudphwhu Hvwlpdwh Vwdqgdug huuru
3 3:36: 31334
4  435 3:435 31339
5  435 3:8;8 31343
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Wkh vwdqgdug huuruv duh edvhg rq wkh dv|pswrwlf
yduldqfh0fryduldqfh pdwul{ ri Zklwh +4<;5,1 Wkh hvwl0
pdwhv ri wkh phdvxuhphqw huuru yduldqfhv lq H E¦ duh
qrw uhsruwhg1
Htxlsshg zlwk sdudphwhu hvwlpdwhv rewdlqhg dv rxwolqhg deryh/ dqg dv uhsruwhg lq Wdeoh 6/
zh fdq djdlq jr edfn dqg h{dplqh wkh glhuhqfhv ehwzhhq wkh ulvn0qhxwudo dqg wkh remhfwlyh |lhog
glvwulexwlrqv1 Xqiruwxqdwho|/ lq frqwudvw zlwk wkh Jdxvvldq fdvh/ wkhvh glvwulexwlrqv duh qrw nqrzq
lq forvhg irup/ dv douhdg| phqwlrqhg1 Rqh dowhuqdwlyh rswlrq zrxog wkhuhiruh eh wr dssur{lpdwh
wkh frqglwlrqdo ghqvlwlhv e| wkh xvh ri Prqwh Fduor whfkqltxhv1 Krzhyhu/ d pruh h{dfw dqg ohvv
frpsxwdwlrqdoo| exughqvrph dssurdfk lv dydlodeoh e| uho|lqj rq Irxulhu wudqvirup dqdo|vlv/ dv
vxjjhvwhg e| Gx!h/ Sdq/ dqg Vlqjohwrq +5333,1 Iurp wkhlu uhvxowv/ rqh fdq qg dq h{suhvvlrq iru
wkh frqglwlrqdo suredelolw| wkdw wkh |lhog rq d }hur0frxsrq erqg dw vrph ixwxuh gdwh lv juhdwhu
wkdq vrph vshflf ydoxh1 Wr eh suhflvh/ wkh suredelolw| 0 xqghu vrph suredelolw| phdvxuh/ vd| Q
0d ww l p htwkdw/ dw wkh ixwxuh wlph T; wkh |lhog ri }hur0frxsrq erqg pdwxulqj dw T . ¤ zloo eh
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Qrz/ ehfdxvh wkh frqglwlrqdo fkdudfwhulvwlf ixqfwlrq ri XT lv nqrzq lq forvhg irup/ wklv suredelolw|






















































ghqrwhv wkh frqglwlrqdo fkdudfwhulvwlf ixqfwlrq1 Dv vkrzq e| Gx!h hw do1 +5333, dqg Vlqjohwrq










@ h{s++t,.+ t ,X t,; +86,
zkhuh +t, dqg  +t, vdwlvi| d v|vwhp ri frpsoh{0ydoxhg RGHv zlwk vxlwdeoh erxqgdu| frqglwlrqv
+vhh Dsshqgl{ D,1
Fkduw := Rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrq ri
wkh 60prqwk lqwhuhvw udwh/ dv lpsolhg e| wkh D4 +6,0
prgho/ hqg0Pdufk 53351
ECB • Working Paper No 274 • September 2003 32Fkduw ;= Rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrq
ri wkh 430|hdu }hur0frxsrq erqg |lhog/ dv lpsolhg e|
wkh D4 +6,0prgho/ hqg0Pdufk 53351
Fkduwv : dqg ; glvsod| wkh uhvxowv rewdlqhg xvlqj wkh hvwlpdwlrq surfhgxuh ghvfulehg deryh iru
wkh 60prqwk dqg 430|hdu }hur0frxsrq |lhogv dw wkh rqh |hdu krul}rq/ dv dw hqg0Pdufk 53351 Dv
lq wkh fdvh ri wkh Jdxvvldq vshflfdwlrq/ wkh uhvxowv lqglfdwh wkdw wkhuh duh vxevwdqwldo glhuhqfhv
ehwzhhq wkh ulvn0qhxwudo dqg wkh remhfwlyh |lhog ghqvlwlhv1 Lq wkh h{dpsohv vkrzq lq Fkduwv :
dqg ;/ wkh glhuhqfhv ehwzhhq wkh phdqv ri wkh rqh0|hdu dkhdg Q dqg P glvwulexwlrqv duh 88
edvlv srlqwv iru wkh 60prqwk udwh/ dqg 55 edvlv srlqwv iru wkh 430|hdu |lhog1 Pruhryhu/ dovr wkh
vwdqgdug ghyldwlrqv glhu ehwzhhq wkh wzr suredelolw| phdvxuhv/ zlwk wkh Q glvwulexwlrqv kdylqj
durxqg 8043( odujhu vwdqgdug ghyldwlrqv wkdq wkh P glvwulexwlrqv1 Shukdsv pruh lpsruwdqw wkdq
wkhvh glhuhqfhv lq wkh prphqwv ri wkh glvwulexwlrqv/ duh wkh glhuhqfhv ehwzhhq wkh lpsolhg
suredelolwlhv ri vshflf rxwfrphv/ vlqfh wklv w|sh ri lqirupdwlrq lv w|slfdoo| zkdw dqdo|vwv irfxv
rq zkhq lqwhusuhwlqj ghqvlwlhv lpsolhg e| revhuyhg rswlrq sulfhv1 Jlyhq wkh hvwlpdwhv rewdlqhg
iru wkh D4 +6, prgho/ rxu uhvxowv vkrz wkdw wkhvh frqglwlrqdo suredelolwlhv fdq glhu vxevwdqwldoo|
ehwzhhq wkh wzr suredelolw| phdvxuhv1 Iru h{dpsoh/ lq wkh fdvh ri wkh rqh0|hdu dkhdg 60prqwk udwh
lq Fkduw :/ wkh ulvn0qhxwudo suredelolw| ri dq rxwfrph deryh 8133( lv durxqg 58(/ zkloh wkh wuxh
remhfwlyh suredelolw| iru wklv rxwfrph lv rqo| ;(1 Dovr lq wkh fdvh ri wkh rqh0|hdu dkhdg 430|hdu
|lhog zh qg odujh glhuhqfhv= lq wkh h{dpsoh deryh/ wkh Q0suredelolw| ri dq rxwfrph deryh 8183(
lv 67(/ zkhuhdv wkh fruuhvsrqglqj P0suredelolw| lv 4;(1 Wkhvh glhuhqfhv lq wkh prphqwv ri wkh
glvwulexwlrqv dqg lq wkh lpsolhg suredelolwlhv ri ixwxuh rxwfrphv duh e| qr phdqv h{wuhph1 Wdeoh 7
vxppdul}hv vrph ri wkh vwdwlvwlfv uhjduglqj wkh glhuhqfhv lq wkh prphqwv ryhu wkh hqwluh vdpsoh
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Wdeoh 7= Glhuhqfhv ehwzhhq Q dqg P phdqv dqg
vwdqgdug ghyldwlrqv iru rqh0|hdu dkhdg 60prqwk dqg
430|hdu |lhogv/ dv lpsolhg e| wkh Hvvhqwldoo| D!qh
D4 +6, prgho/ Mdqxdu| 4<;6 0 Pdufk 53351
Dyhudjh Plqlpxp Pd{lpxp
Phdq 60p1 udwh 86 esv 44 esv 438 esv
P h d q4 3 0 | u 1| l h o g 5 8e s v <e s v 7 5e s v
Vw1ghy1 60p1 udwh ;17( 913( ;18(
Vw1ghy1 430|u1 |lhog 719( 515( 71:(
Phdq jxuhv uhihu wr wkh ohyho glhuhqfh +Q 0 P,l qe d v l v
srlqwv> vwdqgdug ghyldwlrq jxuhv uhihu wr wkh uhodwlyh
glhuhqfh lq shufhqw ri wkh P0glvwulexwlrq yrodwlolw|1
Frpsdulqj zlwk wkh uhvxowv rewdlqhg iurp wkh D3 +6,0prgho/ d ihz vlplodulwlhv dqg vrph gli0
ihuhqfhv duh zruwk srlqwlqj rxw1 Iluvw/ irfxvlqj rq wkh 430|hdu ghqvlwlhv lq Fkduwv 9 dqg ;/ wkh
D3 +6, prgho lpsolhv wkdw wkh ulvn0qhxwudo ghqvlw| lv fhqwhuhg vrphzkdw wr wkh ohiw ri wkh remhfwlyh
ghqvlw|/ zkloh wkh D4 +6, prgho surgxfhv wkh rssrvlwh uhvxow1 D forvhu orrn dw wkh uhodwlrq ehwzhhq
wkh hvwlpdwhg Q dqg P ghqvlwlhv iurp wkh wzr prghov vkrzv wkdw wkh Jdxvvldq prgho surgxfhv
iuhtxhqw vkliwv lq wkh uhodwlyh srvlwlrqlqj ri wkh wzr glvwulexwlrqv/ zkhuhdv iru wkh D4 +6, prgho/
wkh ulvn0qhxwudo ghqvlw| lv dozd|v fhqwhuhg wr wkh uljkw ri wkh remhfwlyh ghqvlw| +vhh Fkduwv < dqg
43,1 Zkloh zh kdyh qrw h{dplqhg wkh vshflf uhdvrqv iru wkhvh glvfuhsdqflhv/ zh frqmhfwxuh wkdw lw
lv wkh lpsrvhg frqvwdqw0yduldqfh dvvxpswlrq lq wkh Jdxvvldq prgho wkdw gulyhv wkh vzlqjv lq wkh
uhodwlrqvkls ehwzhhq wkh wzr glvwulexwlrqv1 Fohduo|/ ixuwkhu dqdo|vlv lv qhhghg wr lqyhvwljdwh wklv
lvvxh1 Lq wkh phdqwlph/ wkh idfw wkdw wzr glhuhqw D+6,0vshflfdwlrqv fdq surgxfh vxfk glhuhqw
uhvxowv srlqwv wr wkh qhhg iru h{whqvlyh vshflfdwlrq whvwlqj zkhq fkrrvlqj d vshflf prgho wr eh
xvhg lq hpslulfdo dssolfdwlrqv1
Vhfrqg/ lq wkh h{dpsoh deryh zklfk uhodwhv wr hqg0Pdufk 5335/ zh vhh wkdw wkh ghqvlwlhv duh
pruh glvshuvhg lq wkh D3 +6, fdvh wkdq lq wkh D4 +6, fdvh1 Wklv lv gxh wr wkh idfw wkdw zkloh wkh
|lhog yduldqfh dsshduhg wr eh uhodwlyho| orz lq hduo| 5335/ wkh iruphu prgho lpsrvhv d frqvwdqw
|lhog yduldqfh iru dq| jlyhq pdwxulw|1 Khqfh/ lq rughu wr jhw wkh dyhudjh yduldqfh uljkw/ wkh D3 +6,
prgho ryhuvwdwhv wkh yduldqfh lq wlphv ri uhodwlyho| orz yrodwlolw|/ zkhuhdv wkh D4 +6, prgho lv ehwwhu
htxlsshg wr fdswxuh vzlqjv lq wkh yrodwlolw|1 Wkh hvwlpdwhg wlph vhulhv ri D4 +6,0yduldqfhv iru wkh
rqh0|hdu dkhdg ghqvlwlhv/ glvsod|hg lq Fkduwv 44 dqg 45 iru wkh 60prqwk dqg wkh 430|hdu fdvhv
uhvshfwlyho|/ vkrz d vljqlfdqw ghjuhh ri yduldelolw| ryhu wlph1 Wklv zrxog whqg wr vxjjhvw wkdw
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vdolhqw ihdwxuhv ri dfwxdo revhuyhg gdwd1
Wklug/ lq erwk fdvhv/ wkh glvshuvlrq ri wkh 60prqwk SGIv lv juhdwhu wkdq iru wkh 430|hdu
frxqwhusduwv1 Wklv lv gxh wr wkh w|slfdoo| grzqzdug0vorslqj whup vwuxfwxuh ri |lhog yrodwlolwlhv
revhuyhg lq dfwxdo |lhog fxuyh gdwd1 Li d whup vwuxfwxuh prgho lv vxffhvvixo lq fdswxulqj wklv
ihdwxuh/ rqh zrxog h{shfw wr vhh d kljkhu yduldqfh lq vkruw0udwh ghqvlwlhv wkdq lq orqj0whup |lhog
ghqvlwlhv1
Ohdylqj dvlgh wkh uhvxowv iurp wkh Jdxvvldq prgho dqg irfxvlqj rq wkh D4 +6, uhvxowv/ rqh fdq
frqfoxgh wkdw wkhuh vhhp wr eh uhodwlyho| vxevwdqwldo glhuhqfhv ehwzhhq hvwlpdwhg ulvn0qhxwudo dqg
remhfwlyh |lhog ghqvlwlhv dw wkh rqh0|hdu krul}rq1 Dv frxog eh h{shfwhg/ wkh glhuhqfhv ehwzhhq
wkh ulvn0qhxwudo dqg wkh remhfwlyh ghqvlwlhv whqg wr ghfolqh dv wkh krul}rq lv uhgxfhg1 Wklv fdq
eh vhhq/ iru h{dpsoh/ e| frpsdulqj wkh sorwv ri wkh phdqv ri wkh rqh0|hdu dkhdg ghqvlwlhv iurp
wkh D4 +6, prgho lq Fkduw < dqg 43 zlwk wkh fruuhvsrqglqj 90prqwk dqg 60prqwk dkhdg SGIv
glvsod|hg lq Fkduwv 46 dqg 47/ uhvshfwlyho|1 Dw wlphv/ krzhyhu/ qrq0qhjoljleoh glhuhqfhv uhpdlq
hyhq iru uhodwlyho| vkruw krul}rqv1 Pruhryhu/ wkh uhvxowv vkrz wkdw qrw rqo| wkh glhuhqfhv ehwzhhq
wkh phdqv ri wkh glvwulexwlrqv fdq ydu| vxevwdqwldoo| ryhu wlph/ exw wkdw wkhuh dovr vhhpv wr eh
frqvlghudeoh wlph0yduldwlrq lq wkh hvwlpdwhg yduldqfhv ri wkh Q dqg P ghqvlwlhv1 Wkhvh qglqjv
wkhuhiruh srlqw wr wkh qhhg iru d kljk ghjuhh ri fdxwlrq zkhq lqwhusuhwlqj ulvn0qhxwudo ghqvlwlhv
vxfk dv rswlrq0lpsolhg SGIv lq whupv ri dfwxdo remhfwlyh suredelolwlhv1
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wlrqdo glvwulexwlrq ri wkh 60prqwk lqwhuhvw udwh/ dv
lpsolhg e| wkh D4 +6,0prgho/ Mdqxdu| 4<;6 0 Pdufk
53351
Fkduw 43= Wkh phdq ri wkh rqh0|hdu dkhdg frqgl0
wlrqdo glvwulexwlrq ri wkh 430|hdu }hur0frxsrq erqg
|lhog/ dv lpsolhg e| wkh D4 +6,0prgho/ Mdqxdu| 4<;6
0 Pdufk 53351
ECB • Working Paper No 274 • September 2003 36Fkduw 44= Wkh vtxduh0urrw ri wkh yduldqfh ri wkh
rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrq ri wkh 60
prqwk lqwhuhvw udwh/ dv lpsolhg e| wkh D4 +6,0prgho/
Mdqxdu| 4<;6 0 Pdufk 53351
Fkduw 45= Wkh vtxduh0urrw ri wkh yduldqfh ri wkh
rqh0|hdu dkhdg frqglwlrqdo glvwulexwlrq ri wkh 430
|hdu }hur0frxsrq erqg |lhog/ dv lpsolhg e| wkh
D4 +6,0prgho/ Mdqxdu| 4<;6 0 Pdufk 53351
ECB • Working Paper No 274 • September 2003 37Fkduw 46= Wkh phdq ri wkh 90prqwk dkhdg frqglwlrqdo glvwulexwlrq ri wkh 60
prqwk lqwhuhvw udwh +sdqho D, dqg ri wkh 430|hdu }hur0frxsrq erqg |lhog +sdqho
E,/ dv lpsolhg e| wkh D4 +6,0prgho/ Mdqxdu| 4<;6 0 Pdufk 53351
+D, +E,
Fkduw 46= Wkh phdq ri wkh 60prqwk dkhdg frqglwlrqdo glvwulexwlrq ri wkh 60
prqwk lqwhuhvw udwh +sdqho D, dqg ri wkh 430|hdu }hur0frxsrq erqg |lhog +sdqho
E,/ dv lpsolhg e| wkh D4 +6,0prgho/ Mdqxdu| 4<;6 0 Pdufk 53351
+D, +E,
8 Ghqvlw| hydoxdwlrq
Wkh suhylrxv vhfwlrq suhvhqwhg hvwlpdwhv ri erwk ulvn0qhxwudo dqg remhfwlyh lqwhuhvw udwh SGIv/
dqg surylghg vrph looxvwudwlyh hylghqfh wkdw wkhvh ghqvlwlhv glhuhg lq lpsruwdqw zd|v/ dv zhoo dv
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duh1 Wklv vhfwlrq dlpv dw vkhgglqj vrph oljkw rq wklv txhvwlrq1
Vwduwlqj zlwk wkh txhvwlrq zkhwkhu wkh ulvn0qhxwudo ghqvlwlhv kdyh ehhq hvwlpdwhg uhdvrqdeo|
zhoo/ zh phuho| frqfoxgh wkdw wkh hvwlpdwhg Q0ghqvlwlhv duh frqvlvwhqw zlwk wkh erqg0sulflqj htxd0
wlrqv xvhg lq wkh hvwlpdwlrq surfhvv/ dqg wkdw wkhvh lq wxuq gr d jrrg mre lq whupv ri sulflqj
wkh erqgv1 Iru h{dpsoh/ wkh pd{lpxp dyhudjh |lhog huuru dprqj wkh < |lhog vhulhv xvhg lq wkh
hvwlpdwlrq zdv 616 edvlv srlqwv iru wkh D3 +6, prgho dqg 517 edvlv srlqwv iru wkh D4 +6, prgho1
Pruhryhu/ iru erwk prghov/ wkh urrw0phdq0vtxduhg0huuruv udqjhg ehwzhhq 55 dqg 63 edvlv srlqwv
dfurvv wkh < pdwxulwlhv1 Dq dowhuqdwlyh zd| wr hydoxdwh wkh dffxudf| ri wkh ulvn0qhxwudo ghqvlwlhv
zrxog eh wr h{dplqh krz zhoo wkh| zrxog eh deoh wr sulfh wudghg lqwhuhvw udwh ghulydwlyhv1 Zh
ohdyh wklv iru ixwxuh uhvhdufk1
Wxuqlqj wr wkh dffxudf| ri wkh hvwlpdwhg sk|vlfdo ghqvlwlhv/ zh hpsor| d uhfhqwo| sursrvhg
ghqvlw| iruhfdvw hydoxdwlrq phwkrgrorj| wr lqyhvwljdwh wklv lvvxh1 Whvwv ri wklv nlqg fdq khos xv
ghwhuplqh zkhwkhu wkh hvwlpdwhg remhfwlyh lqwhuhvw udwh ghqvlwlhv iru dq| jlyhq iruhfdvw krul}rq
zrun zhoo lq whupv ri ghvfulelqj wkh glvwulexwlrq ri uhdol}hg lqwhuhvw udwhv dw wkdw krul}rq1 Exloglqj
rq wkh uhvxowv ri Urvhqeodww +4<85,/ Glherog hw do1 +4<<;, sursrvhg d phwkrg iru hydoxdwlqj d
vhtxhqfh ri ghqvlw| iruhfdvwv xvlqj d suredelolw| lqwhjudo wudqvirup ri wkh uhdol}hg rxwfrphv ri wkh
iruhfdvwhg yduldeoh1 Vshflfdoo|/ ghqrwlqj wkh rxwfrph rt dqg wkh h{0dqwh ghqvlw| iruhfdvw ft +,;






Glherog hw do1 +4<<;, vkrz wkdw li d vhtxhqfh ri ghqvlw| iruhfdvwv/ ift +rt,j
m
t@4 frlqflghv zlwk wkh










Glherog hw do1 +4<<;, glg qrw irfxv rq irupdo whvwlqj surfhgxuhv/ exw lqvwhdg vxjjhvwhg wkh xvh
ri vlpsoh ylvxdo wrrov vxfk dv klvwrjudpv dqg fruuhorjudpv wr dvfhuwdlq zkhwkhu wkh wudqviruphg
vhulhv x lv LLG U +3;4,1
Pruh uhfhqwo|/ Ehunrzlw} +5334, h{whqghg wkh Glherog hw do1 +4<<;, dssurdfk wr doorz iru irupdo
whvwlqj ri wkh ghqvlw| iruhfdvwv1 Wklv qhz dssurdfk uholhv rq d vlpsoh wudqvirupdwlrq ri wkh x0vhulhv
lq +87, lqwr d qrupdo glvwulexwlrq +xqghu wkh qxoo,1 Pruh suhflvho|/ li xt lv LLG U +3;4,/w k h qw k h
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zt @ ￿ 4





@ ￿ 4 + x t ,
zloo eh LLG N +3;4,/ zklfk/ dv Ehunrzlw} +5334, qrwhv/ fdq eh whvwhg xvlqj h1j1 OU whvwv1 Zh
lpsohphqw wklv whvwlqj phwkrgrorj| iru remhfwlyh ghqvlwlhv rewdlqhg iurp wkh hvwlpdwhg D3 +6, dqg
D4 +6, prghov1 Vshflfdoo|/ zh frqvlghu wkh vdph pdwxulwlhv glvfxvvhg lq suhylrxv vhfwlrqv +60prqwk
dqg 430|hdu udwhv, dqg zh irfxv rq wzr iruhfdvw krul}rqv= 6 prqwkv dkhdg dqg 45 prqwkv dkhdg1
Iru hdfk frpelqdwlrq ri prgho/ krul}rq dqg pdwxulw|/ wkh qxoo k|srwkhvlv wkdw wkh wudqviruphg
vhulhv z lv qrupdoo| glvwulexwhg zlwk }hur phdq/ xqlw yduldqfh/ dqg }hur uvw0rughu dxwrfruuhodwlrq
+z @3 ;£ z @4 ;¢ z @3 ,lv whvwhg djdlqvw irxu glhuhqw dowhuqdwlyhv dv iroorzv=
Whvw Halt:
4 z @a  z;£ z@4 ;¢ z@3
5  z@3 ;£ z@a £ z;¢ z@3
6  z@a  z;£ z@a £ z;¢ z@3
7  z@a  z;£ z@a £ z;¢ z@a ¢ z
Zh lpsohphqw wkh whvwv e| rewdlqlqj wkh orj0olnholkrrg ydoxhv xqghu wkh qxoo k|srwkhvlv dqg
wkh ydulrxv dowhuqdwlyhv/ dqg wkhq fdofxodwh wkh fruuhvsrqglqj olnholkrrg udwlr vwdwlvwlfv1 Doo whvwv
duh lq0vdpsoh whvwv/ lq wkh vhqvh wkdw wkh ghqvlw| iruhfdvwv dw d jlyhq iruhfdvw gdwh duh frqglwlrqdo
rq wkh lqirupdwlrq dydlodeoh derxw wkh whup vwuxfwxuh dqg wkh vwdwh yduldeohv dw wkdw wlph/ jlyhq
wkh sdudphwhu ydoxhv iru wkh prgho rewdlqhg xvlqj wkh hqwluh vdpsoh144
Wdeoh 8 glvsod|v wkh uhvxowv iru erwk wkh D3 +6, dqg D4 +6, prghov1 Vwduwlqj zlwk wkh Jdxvvldq
prgho lq Sdqho D/ wkh whvw uhvxowv vkrz wkdw wklv prgho grhv qrw shuirup yhu| zhoo dw wkh 450prqwk
iruhfdvw krul}rq= lq : rxw ri ; fdvhv/ wkh qxoo k|srwkhvlv fdq eh uhmhfwhg1 Lq rwkhu zrugv/ remhfwlyh
ghqvlwlhv hvwlpdwhg zlwk wkh D3 +6, prgho gr qrw vhhp wr frlqflgh zlwk wkh wuxh ghqvlwlhv dw wkh
450prqwk krul}rq1 Iru wkh 60prqwk dkhdg iruhfdvw krul}rq/ wkh uhvxowv duh pruh pl{hg/ vlqfh zh
zh uhmhfw lq kdoi ri wkh fdvhv/ iru erwk pdwxulwlhv1 Wkh fulwlfdo hohphqw lq wkhvh uhmhfwlrqv vhhpv
wr eh wkdw z glhuv vljqlfdqwo| iurp }hur/ phdqlqj wkdw wkh frqglwlrqdo phdqv ri wkh hvwlpdwhg
ghqvlwlhv glhu v|vwhpdwlfdoo| iurp wkh uhdol}dwlrqv1
44Lghdoo|/ dq rxw0ri0vdpsoh whvwlqj dssurdfk zrxog kdyh ehhq suhihudeoh1 Krzhyhu/ wkh olplwhg vdpsoh shulrg dqg
wkh qhhg iru d uhodwlyho| odujh qxpehu ri uhdol}dwlrqv wr rewdlq phdqlqjixo whvw uhvxowv phdqw wkdw dq rxw0ri0vdpsoh
dssurdfk kdg wr eh uxohg rxw lq sudfwlfh1
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Sdqho D= Hydoxdwlrq ri D3 +6, ghqvlwlhv
60prqwk iruhfdvw krul}rq
OU4 OU5 OU6 OU7
6p1 udwh 2 P0phdvxuh 46157￿ 3146 451<6￿ :164
43|1 udwh 2 P0phdvxuh 716;￿ 6163 :139￿ 91;<
450prqwk iruhfdvw krul}rq
OU4 OU5 OU6 OU7
6p1 udwh 2 P0phdvxuh 71;4￿ 6;1:9￿ 74195￿ :15:
43|1 udwh 2 P0phdvxuh 481:<￿ 59145￿ 6919<￿ 44176￿
Sdqho E= Hydoxdwlrq ri D4 +6, ghqvlwlhv
60prqwk iruhfdvw krul}rq
OU4 OU5 OU6 OU7
6p1 udwh 2 P0phdvxuh 4199 4136 51;9 ;154￿
43|1 udwh 2 P0phdvxuh 3136 714<￿ 7155 716;
450prqwk iruhfdvw krul}rq
OU4 OU5 OU6 OU7
6p1 udwh 2 P0phdvxuh 41;3 5817<￿ 59198￿ 918:
43|1 udwh 2 P0phdvxuh 61;5 417< 71<4 91<:
Wkh whvw vwdwlvwlfv duh fkl0vtxduhg glvwlexwhg zlwk 4 ghjuhh ri iuhh0
grp iru whvwv 4 dqg 5/ 5 ghjuhhv ri iuhhgrp iru whvw 6/ dqg 6 ghjuhhv
ri iuhhgrp iru whvw 71 - ghqrwhv vwdwlvwlfdo vljql￿fdqfh dw wkh 8(
ohyho1 Prqwko| ghqvlw| iruhfdvwv duh xvhg lq doo whvwv/ h{fhsw lq
whvw 7/ zkhuh qrq0ryhuodsslqj revhuydwlrqv duh xvhg/ vlqfh wkhvh
whvwv lqfoxgh wkh dxwrfruuhodwlrq frh!flhqw ¢ 1
Q h { w /z hw x u qw rS d q h oEl qW d e o h8 /z k l f kv k r z vw k hu h v x o w vi r uw k hD 4+6, prgho1 Vwduwlqj
djdlq zlwk wkh 450prqwk iruhfdvw krul}rq/ zh qg wkdw wkh D4 +6, prgho grhv frqvlghudeo| ehwwhu
wkdq wkh Jdxvvldq prgho1 Lq 9 rxw ri ; fdvhv zh fdqqrw uhmhfw wkh qxoo k|srwkhvlv iru wkh hvwlpdwhg
remhfwlyh ghqvlwlhv1 Lq sduwlfxodu/ iru wkh 430|hdu erqg |lhog ghqvlwlhv/ wkh qxoo lv qrw uhmhfwhg lq
dq| ri wkh irxu fdvhv1 Wkh wzr uhmhfwlrqv dsshdu wr eh gxh wr d idloxuh lq fdswxulqj wkh frqglwlrqdo
yrodwlolw| ri wkh 60prqwk lqwhuhvw udwh1 Iru wkh 60prqwk iruhfdvw krul}rq/ wkh hvwlpdwhg remhfwlyh
ghqvlwlhv djdlq vhhp wr gr d uhodwlyho| jrrg mre lq whupv ri fdswxulqj wkh ehkdylru ri wkh rxwfrphv1
Dv lv wkh fdvh ri wkh orqjhu iruhfdvw krul}rq/ zh idlo wr uhmhfw wkh qxoo lq 9 rxw ri ; fdvhv1 Wklv wlph
wkh uhmhfwlrqv vhhp wr eh gxh wr fruuhodwhg iruhfdvw huuruv iru wkh 60prqwk udwh/ dqg wr glhuhqfhv
ehwzhhq wkh prghoohg dqg wkh dfwxdo yrodwlolw| ri wkh 430|hdu |lhog dw wkh 60prqwk krul}rq1 Lw
lv zruwkzkloh srlqwlqj rxw wkdw lq qrqh ri wkh fdvhv gr zh rewdlq dq| uhmhfwlrq dv d uhvxow ri
vljqlfdqw ghyldwlrqv ri z iurp }hur1 Wklv lqglfdwh wkdw wkh D4 +6, p r g h ov h h p vw rg rdj r r gm r e
lq whupv ri fdswxulqj wkh wlph0ydu|lqj ohyho ri ulvn suhpld dw erwk krul}rqv dqg iru erwk pdwxulwlhv1
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orrnlqj ghqvlwlhv lq d pxfk pruh vdwlvidfwru| zd| wkdq wkh Jdxvvldq prgho/ dowkrxjk vrph urrp
iru lpsuryhphqw vwloo uhpdlqv145
9 Frqfoxvlrqv
D frpprqo| xvhg dssurdfk wr h{wudfw lqirupdwlrq rq pdunhw h{shfwdwlrqv dqg wkh shufhlyhg
ghjuhh ri xqfhuwdlqw| derxw vrph dvvhw sulfh lv wr hvwlpdwh wkh lpsolhg ghqvlw| xvlqj revhuyhg
sulfhv ri rswlrqv zulwwhq rq wkh dvvhw ri lqwhuhvw1 Krzhyhu/ lw lv zhoo nqrzq wkdw wklv dssurdfk
surgxfhv wkh ulvn0qhxwudo ghqvlw|/ udwkhu wkdq wkh wuxh remhfwlyh ghqvlw|1 Wklv sdshu h{dplqhv
wkh glhuhqfhv ehwzhhq ulvn0qhxwudo dqg remhfwlyh suredelolw| ghqvlwlhv iru lqwhuhvw udwhv dqg erqg
|lhogv1 Wklv nlqg ri dqdo|vlv pd| eh ri lqwhuhvw iru h1j1 fhqwudo edqnv/ vlqfh UQGv duh frpprqo|
hpsor|hg e| fhqwudo edqnv dv lqglfdwruv ri pdunhw h{shfwdwlrqv iru xqghuo|lqj pdfurhfrqrplf
ixqgdphqwdov dv zhoo dv ixwxuh prqhwdu| srolf|1 Lqvwhdg ri prgholqj wkh whuplqdo glvwulexwlrq
gluhfwo|/ wkh dssurdfk wdnhq khuh lv wr prgho wkh g|qdplfv ri wkh xqghuo|lqj vwdwh yduldeohv1
Vshflfdoo|/ d pxowl0idfwru hvvhqwldoo| d!qh prgholqj iudphzrun lv dssolhg wr Jhupdq wlph0vhulhv
dqg furvv0vhfwlrq whup vwuxfwxuh gdwd lq rughu wr lghqwli| erwk wkh ulvn0qhxwudo dqg wkh remhfwlyh
whup vwuxfwxuh g|qdplfv1
Lq jhqhudo/ wkh uhvxowv vkrz wkdw wkhuh duh lpsruwdqw glhuhqfhv ehwzhhq ulvn0qhxwudo dqg re0
mhfwlyh glvwulexwlrqv dv d uhvxow ri ulvn suhpld lq erqg sulfhv1 Iru h{dpsoh/ wkh rqh0|hdu dkhdg
glvwulexwlrqv iru wkh wkuhh0prqwk lqwhuhvw udwh dqg wkh whq0|hdu erqg |lhog glvsod| vxevwdqwldo gli0
ihuhqfhv lq erwk wkh phdqv dqg wkh yduldqfhv ri wkh wzr w|shv ri glvwulexwlrqv1 Zkloh wkh pdjqlwxgh
ri wkhvh glhuhqfhv glplqlvk dv wkh iruhfdvw krul}rq lv vkruwhqhg/ lpsruwdqw glhuhqfhv uhpdlq iru
krul}rqv wkdw duh frpprqo| xvhg lq sudfwlfh1 Wkh uhvxowv dovr lqglfdwh wkdw wkh glhuhqfhv eh0
wzhhq wkh remhfwlyh dqg wkh ulvn0qhxwudo glvwulexwlrqv ydu| ryhu wlph/ dv d uhvxow ri wlph0ydu|lqj
ulvn suhpld1 Pruhryhu/ ghqvlw| iruhfdvwv shuiruphg rq hvwlpdwhg remhfwlyh ghqvlwlhv vkrz wkdw
wkh sursrvhg dssurdfk grhv uhdvrqdeo| zhoo lq whupv ri fdswxulqj wkh wuxh uhdol}hg ghqvlwlhv +iru
wkh D4 +6, prgho,1 Zh wkhuhiruh frqfoxgh wkdw rqh vkrxog eh fdxwlrxv lq lqwhusuhwlqj ulvn qhxwudo
ghqvlwlhv/ vxfk dv rswlrq0lpsolhg ghqvlwlhv/ dv uhsuhvhqwlqj wkh wuxh h{shfwdwlrqv ri pdunhw sduwlf0
lsdqwv1 Wkh phwkrg xvhg lq wklv sdshu surylghv rqh dowhuqdwlyh dssurdfk zklfk fdq eh xvhg wr
lghqwli| ulvn suhpld dqg wkhuhe| wkh remhfwlyh suredelolwlhv ri ixwxuh rxwfrphv1
45Zh dovr shuiruphg vlplodu whvw rq wkh hvwlpdwhg Q0ghqvlwlhv* delolw| wr fdswxuh wkh glvwulexwlrq ri wkh uhdol}dwlrqv
+uhvxowv qrw vkrzq,1 Dv frxog eh h{shfwhg/ wkh ulvn0qhxwudo ghqvlwlhv glg qrw shuirup yhu| zhoo lq wklv uhjdug/ lq
sduwlfxodu dw wkh rqh0|hdu dkhdg krul}rq zkhuh zh uhmhfwhg wkh qxoo lq doo 49 fdvhv1 Wklv djdlq kljkoljkwv wkh gdqjhuv
dvvrfldwhg zlwk uho|lqj rq UQGv dv phdvxuhv ri wuxh h{shfwdwlrqv1
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zkhuh u 5 Rn1 Lq Gx!h/ Sdq dqg Vlqjohwrq +5333,/ wklv lv vhhq lq +516, s1 4684 zkhuh wkh deryh
htxdwlrq lv ghqhg zlwkrxw i exw zkhuh u 5 Cn:Krzhyhu/ dv zloo eh fohdu iurp wkh ghulydwlrq ri






Wkh pdlq wklqj wkdw wkhvh sdshuv suryh lv wkdw li zh duh zloolqj wr lpsrvh dq d!qh irup iru wkh
hyroxwlrq ri wkh vwdwh yduldeohv +Fkdfnr +4<<<, jhqhudol}hv wklv wr eh d!qh lq r/ dqg h{srqhqwldo
vhsdudeoh lq wkh rwkhu yduldeohv,/ wkh fkdudfwhulvwlf ixqfwlrq zloo wdnh wkh irup
¦t +u;Xt;t;T,@e ￿ + t ,.￿+t,￿x
zkhuh +t,;+ t ,duh frpsoh{ ydoxhg ixqfwlrqv wkdw vroyh d vhw ri glhuhqwldo htxdwlrqv1 H{dplqlqj
+89,/ zh vhh wkdw li zh { u dqg T/ ¦t zloo eh d vwrfkdvwlf surfhvv zkhuh wkh g|qdplf surshuwlhv
zloo eh ghwhuplqhg e| wkh ehkdylru ri Yt1 Zh vhh wkdw zkhq t @ T/ wkhuh lv qr udqgrp hohphqw dqg
wkh ghqlwlrq uhgxfhv wr eiu3YT1 Lq rughu iru rxu fdqglgdwh ixqfwlrq wr eh fruuhfw/ lw pxvw vdwlvi|
wzr surshuwlhv1 Iluvw/ e| wkh odz ri lwhudwhg h{shfwdwlrqv/ wkh h{shfwhg fkdqjh pxvw eh htxdo wr




 + T ,@iu:
Wr h{solflwo| vkrz wkh ghshqghqfh ri +t,;+t,rq u/z hz u l w h
 t+ u ,:












dYt @ dt . £dWt;


















b t . b tYt
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b t . b tYt
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E| lqvhuwlqj wkh olqhdu vwuxfwxuh ri  dqg £/z hj h w
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t+ h 3.h 4Y t,

¦ tdt . t£¦tdWt


















































@+t;Y ,dv @3e| wkh odz ri lwhudwhg h{shfwdwlrqv/ dv zhoo dv wkh idfw


























Lq rughu iru wklv wr krog/ zh pxvw kdyh











t h 4 @3 :
EW k h o l q n e h w z h h q r  dqg Pglvwulexwlrqv lq d rqh0idfwru
vhwwlqj
Lq wkh vfdodu d!qh prgho/ wkh olqn ehwzhhq sulfhv dqg wkh vwdwhv fdq eh zulwwhq
P +s;T>rs,@e + A + s;T,￿B+s;T,r,:
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Krzhyhu/ jlyhq wkdw zh fdq qg wkh glvwulexwlrq ri xs frqglwlrqdo rq lqirupdwlrq dw t/z hf d q
rewdlq wkh glvwulexwlrq ri P +s;T>xs, wurxjk wkh uhodwlrq
fP +P,@f r s

P ￿ 4 + r s ,

   
dr
dP
   
P ￿4 +rs,@









fP +P,@f r s

A+ s;T,  oqP
B +s;T,
   
4
B +s;T,P
   :
Zkhq wkh erqg sulfh lv h{suhvvhg dv
P +s;T>rs,@A+ s;T,e￿B+s;T,r;



























   
4
B +s;T,P
   :
Wr rewdlq wkh glvwulexwlrq ri wkh }hur0frxsrq |lhog dvvrfldwhg zlwk fP +P, zh qhhg dq dqdorjrxv
wudqvirupdwlrq1 Ohwwlqj fy⁄ +y⁄, ghqrwh wkh glvwulexwlrq ri wkh ¤0krul}rq |lhog wr pdwxulw|/ zh jhw
fy⁄ +y⁄,@f P ⁄

y ￿ 4+ P ⁄,

   
dP
dy
   ;
zkhuh






fy⁄ +y⁄,@f P ⁄+h{s+¤y⁄,,m¤ h{s+¤y⁄,m:
Zh fdq uhzulwh wklv dv d ixqfwlrq ri wkh glvwulexwlrq ri wkh vkruw udwh r lq wkh iroorzlqj zd|=











   
4
B +s;T,h{s+¤y⁄,
   m¤ h{s+¤y⁄,m
@ frs

¤y⁄ .o qA+ s;T,
B +s;T,
   
¤
B +s;T,
   :
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Lq wkh FLU prgho/ wkh surfhvv iru wkh rqo| idfwru/ wkh vkruw0whup lqwhuhvw udwh/ lv jlyhq e| wkh
iroorzlqj d!qh glxvlrq=
dr @ +r,dt . £ +r,dW
@ +  r,dt . £
s
rdW;
dqg wkh sulfh ri d }hur frxsrq erqg sulfh ri pdwxulw| ¤ lv d ixqfwlrq ri wkh vkruw udwh dqg
pdwxulw|0vshflf ixqfwlrqv A+¤, dqg B +¤, dffruglqj wr
P +¤,@A+ ¤,h{s^B +¤,r`:
Wkh surfhvv iru wkh erqg sulfh reh|v
dP @ +P,dt . £+P,dW;
zkhuh wkh ixqfwlrqv +P, dqg £ +P, fdq eh ghwhuplqhg e| dsso|lqj Lwr*v ohppd=
+P,@ P ⁄ . P r  + r ,.
4
5
£ 5+ r,P rr;
£+P,@P r £ + r , ;
zkhuh vxevfulswv ghqrwh sduwldo ghulydwlyhv1 Vroylqj iru wkh ghulydwlyhv +qrwdwlrqdoo| vxssuhvvlqj
¤ dv dq dujxphqw, jlyhv






































¦5 +h{s^¦4¤`  4, . ¦4
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A¦5¦6 ^¦4 +4  h{s^¦4¤`, . ¦5 +h{s^¦4¤`  4,`







^¦5 +h{s^¦4¤`  4, . ¦4`
5:
G Ulvn0qhxwudo g|qdplfv ri Yt lq wkh D3E fdvh
Jlyhq dq dvvxphg pdunhw sulfh ri ulvn yhfwru/ zh fdq h{suhvv wkh g|qdplfv ri Yt xqghu wkh ulvn0
qhxwudo suredelolw| phdvxuh Q dv







Iru wkh hvvhqwldoo| d!qh D3 +6, prgho/ wkh Q0g|qdplfv duh jlyhq e|




















vlqfh N@3 1 Ghqlqj NQQ  dqg NQ  +N . ¨,; zh fdq zulwh
dYt @








dqg zh vhh wkdw wkh ulvn qhxwudo g|qdplfv ri Y uhpdlq d!qh1
HW k h N d o p d q  o w h u l q w k h D 3 E fdvh
Jlyhq wkh vwdwh0vsdfh vshflfdwlrq iru wkh D3 +6, prgho/ wkh suhglfwlrq vwhs iroorzv iurp wkh
wudqvlwlrq htxdwlrq/ uhvxowlqj lq +vxssuhvvlqj ghshqghqfh rq ¦,
a Ytmt￿h @ E ^Yt m Rt￿h`
@ a Y t ￿ h ; +8:,




Yt  a Ytmt￿h






 t ￿ h  3 . V t : +8;,
Qh{w/ wkh revhuyhg |lhogv Rt duh xvhg lq wkh xsgdwh vwhs/ wr surylgh wkh owhuhg hvwlpdwru ri Y =
a Yt @ E ^Yt m Rt`
@ a Ytmt￿h . a 
tmt￿hZ3F￿4
t ¥t; +8<,
zkhuh ¥t lv wkh yhfwru ri suhglfwlrq huuruv/
¥t @ Rt 

d . Z a Ytmt￿h

; +93,
dqg Ft lv wkh fryduldqfh pdwul{ ri wkh suhglfwlrq huuruv/
Ft @ cov+Rt m Rt￿h,@E^ ¥ t¥ 3
tmR t ￿ h`
@ Za 
 t m t ￿ hZ 3.H: +94,





Yt  a Yt



















Wkh suhglfwlrq huuruv dqg wkhlu fryduldqfh pdwul{ vhuyhv dv lqsxw lqwr wkh orj0olnholkrrg ixqfwlrq
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